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1 Introduction 

We usually define Floer homology for Lagrangian submanifolds in sym- 
plectic manifolds, but there are many important non-smooth guys such 
as algebraic varieties and Lagrangian subvarieties. Our first plan to con- 
struct Floer theory for such non-smooth objects is to do for something 
like open strata of them. The open strsitcL are non-compact, and we will 
start with concave ends. 

Floer's chain complexes for Lagrangian submanifolds in closed sym- 
plectic manifolds are generated by intersection points of Lagrangian sub- 
manifolds and whose differentials count pseudo-holomorphic strips with 
Lagrangian boundary conditions. In this paper we will propose Floer's 
chain complexes for Lagrangian submanifolds in symplectic manifolds 
with concave ends. 



A symplectic form u on a smooth manifold X is a non-degenerate 
closed 2-form. The non- degeneracy induces the existence of almost com- 
plex structures J such that u(-, J-) is a metric on X. In particular, we 
consider time-dependent almost complex structures J t ,t G [0, 1]. 
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A Lagrangian submanifold L is an n-dimensional submanifold in X 2n 
such that uj\tl = 0. Here we assume the following conditions for La- 
grangian submanifolds L and L\. 

Assumption 1.1 (Nondegeneracy of intersections )Lq and Li intersect 
transver sally. 

Assumption 1.2 ( Admissibility) If u : S 1 x [0,1] — > X is a map such 
that u(S l , 0) C L and u^S 1 , 1) C L\, then fs x -x.%-\\ U * UJ = 0- 

Let (X, J) be an almost complex manifold and a Riemann 

surface with a complex structure j. A pseudo-holomorphic curve is a 
map u \ S — ► X such that 

<9jw := - (du + J o duo j) = 0. 

Our Riemann surface is R x [0, 1] with the natural complex structure i, 
and our almost complex structures on X are time-dependent, then we 
consider the following elliptic partial differential equation 

2J^r, t ):=^ + JK«(r, *))^ = 0, 

where (r, t) G R x [0,1]. Define A4(p, q), for p and q e L H L\, to be 
the set of maps «:Rx[0,l]-tI such that 

• u(R, 0) C L and u(R, 1) C Li 

• lim T _ > _ £X) w(r, [0, 1]) = p and lim r -+ 00 m(t, [0, 1]) = q 

• d Jt u(r,t) = 0. 

We call a map satisfying the above conditions a pseudo-holomorphic strip 
and A4(p, q) the moduli space of pseudo-holomorphic strips. Note that 
R acts on A4(p, q) by (a * u)(t, t) := u{j — a,t) with a G R. We denote 
the quotient by A4(p, q). Then Floer proved the following theorem 

Theorem 1.3 // J 4 zs generic, then A4(p,q) is a smooth finite dimen- 
sional manifold. 
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The generic means that Jt is an element of a Baire category set in a 
certain Banach space of time-dependent almost complex structures. 

For the compactification of the moduli spaces in Floer's context, we 
need the following condition. 

Assumption 1.4 (tt 2 - condition) ] If u : D 2 — > X is a map such that 
u(dD 2 ) C L, then f D2 u*u = 0. 

Assume that Lq and L\ satisfy the ^-condition. 

Theorem 1.5 Let X be a closed symplectic manifold. Then A4(p,q) can 
be compactified (with respect to the topology of uniform convergence with 
all derivatives on compact set). 

In fact, if the dimension of M. (p, q) is equal to 0, then M. (p, q) is compact, 
and if the dimension of Ai(p, q) is equal to 1, then it can be compactified 
so that the boundary is 

(J M(p,r) x M(r,q). (1) 

dim A4(p,r)=dim M{r,q)=0 

(To show ((H) we need also the gluing theorem [5].) 

Let C be the free Z 2 - vector space over the elements of L fl L\. We 
define a linear map d : C — > C in terms of the canonical bases 

d P-= H %M(p,q)q, 

where the sum ranges over all q G L fl L\ such that dim M. (p, q) = 
and where $A4(p, q) is the modulo 2 number of the elements of M.(p, q). 
Then Floer proved the following theorem 

Theorem 1.6 d o d = 0. 

The idea of Theorem 11.61 is very important for us, hence we adopt the 
proof. For p E L fl L\ 

ddp = d ^ $M(p,q)q 
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SgeL nLi tJ-^(P) Q)§-M(q, r ) is nothing but the number of the boundary 
components of the compactification of a 1- dimensional smooth manifold 
Ai(p,r), and then even. 

We call the chain complex (C, 9) the Floer's chain complex for Lo and 
Li in X. 



By using the universal Novikov ring as in [9], we can remove the ad- 
missibility. On the other hand, many persons made effort to weaken the 
7r 2 -condition |T5] and jTH], and it grows into an obstruction theory of the 
boundary operators jHj. 

Next we will consider from another angle. Let {wj}j=i,2,... be a 
sequence of elements in Ai(p,q) which converges to an element (v,w) G 
A4(p,r) x A4(r,q), see Figure 1. 




Figure 1 



This phenomenon implies that, at the limit of the sequence, a generator 
r of the Floer's chain complex appears at the intersection point r. For 
simplicity, we assume that X, around r, is locally isomorphic to C n , 
where r corresponds to the origin, and L and L\ are locally isomorphic 
to R n and (v^lR)", respectively. Consider C n \{0} to be (0, oo) x S 2n - 1 
through the polar coordinate, and moreover transform it into R x 5* 2n_1 
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by 



(0, oo) x S 2n - 1 -4Rx S' 2n -\ (p, x) i-> (a, x) : = (logp, x) 
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Figure 2 
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so that L and L\ are locally diffeomorphic to R x A and R x A 1; 
respectively, where A and Ai are (Legendrian) submanifolds in S 2 " 1 ^ 1 
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(with the standard contact form). Then the limit of {wi}i=i,2,... looks like 
the following: u^s grow toward — oo, and at the limit there appear three 
pseudo-holomorphic strips v, w and z as in Figure 2. (The segments 
between A and A x are Reeb chords.) 

In comparison with the intersection point r, this phenomenon implies 
that, at the limit of the sequence, a generator z of the Floer's chain com- 
plex for L \ {r} and L\ \ {r} in X\ {r} appears at — oo of the (concave) 
end. 

The content of our paper is as follows: Section 2 defines concave/convex 
ends of non-compact symplectic manifolds and pseudo-holomorphic strips. 
Section 3 proposes Floer's chain complexes for Lagrangian submanifolds 
in symplectic manifolds with concave/convex ends. Section 4 proves some 
gluing arguments for pseudo-holomorphic strips and Section 5 observes 
the bubbling off phenomenon for pseudo-holomorphic curves. 

Sign convention; through this paper, L\ is the space of functions/sections 
/ such that / 1/|* + / \Df\P < oo for p > 2. 

2 Pseudo-holomorphic strips in symplectic 
manifolds with concave ends 

Let M be a smooth oriented manifold of dimension 2n + 1. A contact 
form on M is a 1-form A such that A A (d\) n is a volume form on M. Then 
the 2-form d(e a X) is a symplectic structure in R x M, where a G R. We 
call (R x M, d(e a \)) the symplectization of (M, A), and there is a natural 
projection n M : R x M — > M. 

Let X be a non-compact symplectic manifold which, out side a com- 
pact set, is diffeomorphic to cylinders. If a cylinder is symplectically iso- 
morphic to ((-oo,i?_) x M_,rf(e a A_)) for (M_,A_) and € R, then 
we call the cylinder a concave end. Similarly, if a cylinder is symplecti- 
cally isomorphic to ((R+, oo) x M + , d(e a \ + )) for (M+, A+) and R + e R, 
then we call the cylinder a convex end. 

A Legendrian submanifold A is an n-dimensional submanifold in (M 2n+1 , A) 
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which satisfies TA C KerA. Then R x A is a Lagrangian submanifold in 
the symplectization. 

Let L be a Lagrangian submanifold in a non-compact symplectic man- 
ifold whose ends are concave or convex. If L is non-compact, then we 
assume that L satisfies the following. 

Assumption 2.1 (Cone-conditionjL^^R^M. = (— oo,i2_)xA_ and 
L\(r+,od)xm + = (R+, oo) x A +; where A_ and A + are Legendrian subman- 
ifolds. 

Associated to A there are two important structures. First of all the 
so-called Reeb vector field X = X\ defined by ixX = 1 and ixd\ = 0, 
and secondly the contact structure £ = £a given by £ := KerA C TM. 
TM splits into RXa ©£, and we have a natural projection : TM — > £. 
(We shall use the same notation £ to denote vr^£.) Moreover, on the 
symplectization, T(Rx M) splits into E(B%, where E := ~R^(B tc* m ~R.X\, 
and we will use a natural projection tt e : T(R x M) — > E. 

Let {v5t}o<t<T be the isotopy on M such that 



From the definition, we can conclude that J-(^A) = and ^(ip^dX) = 0, 
and then d<p T (i P ) = ^ T ( P ) and d<p T X\{p) = X x (ip T (p)) for p G M. 

We call a map 7 : R/TZ — > M such that 7 = ATa(t) a closed char- 
acteristic of period T. Similarly, we call a map 7 : [0,T] — > M such 
that 7 = ^(7) with 7(0) G A and 7(T) G A x , where A and A 1 are 
Legendrian submanifolds, a Reeb chord from A to Ai of length T. 

The restriction of d\ on £ is non-degenerate, hence d\\^ induces com- 
plex structures / on £ such that the bilinear form 



is a positive definite inner product, and then 

g M (h, k) := X(h)X(k) + d\fc(h), Iir^k)), h,ke TM, 
gives a metric on M. For a, b G R and G £, 




id. 



d\(x)(h,I(x)k), h,k G £ 



.2: 



/(a— + 6X A + fc) := -6— + aX A + Ik 
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is an almost complex structure on R x M, and the equation of pseudo- 
holomorphic curve for u := (a, u) : E — > R x M turns out to be 



For pseudo-holomorphic strips we consider time-dependent complex struc- 
tures If on £, and if X is a symplectic manifolds with concave or convex 
ends, then we suppose that time-dependent almost complex structures 
J t on X, out side a compact set, are of the form I t . 

Let Lq and L\ be Lagrangian submanifolds in X such that £o|(-oo,.r_]xm_ = 
(-oo,i?_]xAo andL |[K + ,oo)xAf + = oo) xA}, and also Li|(-oo,fl_]xM_ = 
(— oo,RJ\ x A^f and Lx\t R+)00 ) xM+ = [R + ,oo) x A+. We assume that L 
and Li satisfy Assumption ll.il (. and hence Aq n A J" = and Ad n A^ = 
0). Moreover we assume the following condition for Ag and Ajf. 

Assumption 2.2 (Nondegeneracy of Reeb chords) Let 7 : [0, T] — » M 
6e a Reeb chord from A^ to Aj, i ^ j. Then dtpxiT^A^) and T 7 ( T )A~ 
intersect transversally in £ 7 (t) ; where {(pt}o<t<T is the isotopy generated 
by the Reeb vector field. 

From the above assumption we can conclude that Reeb chords are iso- 
lated. 

Now we will consider non-constant pseudo-holomorphic strips, i.e., 
maps u : £ = R x [0, 1] — ► X such that 



with the following asymptotic conditions. (We are interested in concave 
ends, hence for simplicity we shall use notation M instead of M_.) In 
the following we denote u on concave ends (—00, R_] x M by (a, u): 

(I) Hm T _ > _ OG w(r, [0, 1]) = p_ and lim T ^ 00 u(r, [0, 1]) = p + for p_ and 
p + E Lq n Li. 

(II) lim T ^ 00 U(r, [0, 1]) = p + G L PI Lj, and there is a Reeb chord 




0, 
da. 



d Jt u(T,t) = 
u(R, 0) C L and u(R, 1) C Li 
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7_ : [0, T_] — > M from A to A x such that linv^^oo a(r, i) = — oo 
and lim T ^ _ oo -u(r, t) = 7_(7l£). 

(IF) lim r _ > _ 0O u(r, [0,1]) = p_ G L fl Li, and there is a Reeb chord 
7 + : [0, T + ] — > M from to Aq such that ]im T ^. O0 a(r,t) = — oo and 
lim^oo «(r, t) = 7+(7+(l - *))■ 

(III) There is a Reeb chord 7_ : [0,TL] -> M from A to A]~ such 
that limT-^-oo a(r, t) = — oo and lim T _^_oo u(r, t) = 7_(71i), and a Reeb 
chord 7 + : [0,T + ] — > M from Af to Aq such that lim^oo a(r, t) = — oo 
and lim T _ >00 M(r,t) = 7 + (T + (l - t)). 

Moreover we will consider the following extra pseudo-holomorphic strips 
in the symplectization of M, i.e., u := (a, u) : E = R x [0, 1] — > R x M 
such that 

^(r,t) = 
Tt(R, 0) C R x A and w(R, 1)cRxA[ 

with the asymptotic conditions: 

(IV) There is a Reeb chord 7_ : [0,71] -> M from A^ to Aq such that 
lim^-oo a(r, i) = oo and lim T ^_ 00 u(t, t) = 7_(T_(1 — t)), and a Reeb 
chord 7+ : [0, T + ] — > M from Aq to Ajf such that lim T ^ 00 a(r, £) = oo 
and lim T ^ 00 u(t, t) = j + (T + t). 

(V) There is a Reeb chord 7_ : [0,71] -> M from A to A^ such that 
lim T _ ) ._ 00 ck(t, i) = — oo and lim T ^_ 00 u(r, i) = 7_(71i), and a Reeb chord 
7+ : [0,7+] — > M from A^ to A± such that lim T ^ 00 a(r, t) = oo and 
lim T _ 00 M(r,t) = 7+(T+t). 

(V) There is a Reeb chord 7_ : [0,71] -> M from A^ to A such that 
lim^-oo a(r, t) = oo and lim T ^_ 00 u(t, t) = 7_(71(1 — £)), and a Reeb 
chord 7+ : [0, T+] — > M from A]" to Aq such that lim^oo a(r, t) = — oo 
and lim T ^ 00 M(r,t) = 7+(7+(l - t)). 

If 7_ = 7+ = 7 of length T, then there is a trivial pseudo-holomorphic 
strip u := (Tr, 7 (Tt)) of the type (V), and also u := (-Tr,7(T(l - f))) 
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of the type (V). 

For the each asymptotic, we put the following exponential decay con- 
dition: 

(1) If lim r _ > _ 00 u(r, t) = p_ G Lq n Li, then there are some constants 
p_, Cp and cL > 0, and a function £_(t,£) G C°°(R x [0, l],T p _X) such 
that 

• «(r,t) = exp p f_(T,t) for r < p_, 

. |^_(t,0I <C£e*- T . 

(1') If lim r _ >00 Tt(r, t) = p + G L fl L 1; then there are some constants p + , 
C£ and d + > 0, and a function £ + (t, t) G C°°(R x [0, 1], T p+ X) such that 

• u(r,t) = exp p+ £(r,t) for p+ < t, 

. \d^ + (r : t)\<C+e- d ^. 

Let t : [0, 1] x {z G R 2ri , |z| < e} — > M be an immersion such that 
i(t, 0) = 7(Tt), where 7 is a Reeb chord of length T: 

(2) If liniT-^oo ck(t, i) = —00 and lim^-oo u(r, i) = 7_(TLi), then there 
are some r_ such that u(r, t) G Im t_ for r < r_, where 6_ is the immer- 
sion with respect to 7_. If we denote the t_ pull-back of (a, iz) by 

(a, 0_, z-) : (-00, r_] x[0,l]^Rx [0, 1] x {z e R 2n , \z\ < e}, 

then there are some constants c_, and cL > such that 

|#V(T,t)-(:T_T + c_)]| < c^ e d - r , 
\dP[e-(T,t)-t]\ < Cpe d -\ 
|^_(r,t)| < C^ T . 

(2') If lim r _ KX) a(r, t) = —00 and lim,--^ u(t, t) = 7+(T + (l — t)), then 
there are some r + such that u{r,t) G Im t + for r + < r, where t+ is the 
immersion with respect to 7+. If we denote the i + pull-back of (a,u) by 

{a, 6+, z + ) : [r+, 00) x[0,l]^Rx [0, 1] x {z G R 2n , |z| < £>, 
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then there are some constants c+, Cp and d + > such that 

\dP[a(T,t)-(-T+T + c + )]\ < C+e~ d +\ 
\dP[9+(T,t)-{l-t)\\ < C+e- d +\ 
\d?z + (T,t)\ < C+e~ d +\ 

(3) If lim r _ > _ 00 a(r, t) = oo and lim T ^_ 00 u(r, t) = 7_(T_(1 — t)), then 
there are some r_ such that u{r,t) e Im t_ for r < r_, where t_ is the 
immersion with respect to 7_. If we denote the i- pull-back of (a,u) by 

(a,0-,Z-) : (— oo,t_] x [0, lj^Rx [0, 1] x {z e R 2n , \z\ < e}, 

then there are some constants c_, Cp and gL > such that 

\d?[a(T,t)-(-T_T + c_)}\ < C~ p e d -\ 
\dP[B.{r,t)-{\-t)\\ < C~ p e d -\ 
\d p z_(r,t)\ < Cpe d - T . 

(3') If lim^oo a(r, t) = oo and lim^oo u(t, t) = j + (T + t), then there are 
some T + such that u(r,t) G Im i + for r + < r, where t + is the immersion 
with respect to 7+. If we denote the i + pull-back of (a,u) by 

{a, 0+, z + ) : [r+, 00) x[0,l]^Rx [0, 1] x {z e R 2n , \z\ < e}, 

then there are some constants c+, Cp and d + > such that 

|^Kr,0-(T + r + c + )]| < C+e-^, 
\dP[9+{r,t)-t\\ < C+e- d +\ 
\dPz + (r,t)\ < C+e- d + T . 

Define AAi(p, q) to be the set of pseudo-holomorphic strips of the 
form (I) with (1) and (1'), also A4ri(l-,P+) of the form (II) with (2) 
and (1'), Mn'(p-n+) of the form (II') with (1) and (2'), M in {l-,1+) 
of the form (III) with (2) and (2'), M IV {l-, 7+) of the form (IV) with 
(3) and (3'), M v {l-,1+) of the form (V) with (2) and (3') and finally 
Mv{ri-,1+) of the form (V) with (3) and (2'). Note that R acts on the 
moduli spaces of the type (I), (II), (II') and (III) by J^(a * u), a G R. 
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On the other hand, for the moduli spaces of the type (IV), (V) and (V), 
R 2 acts on them by £(a * u) for (a, 0) G R 2 and f b (b$u) for (0, b) G R 2 , 
where b$u := (a — b,u) for u := (a,u). We shall denote these quotients 
by M*{*,*). 

First we recall the index for strips of the type (I) with (1) and 
(1'). (This part is so standard, the reader may skip to the next con- 
tent.) Choose a trivialization {er, ej, . . . , e^ +1 , e^ n+2 } of T p X such that 
u v - (e^-i, e^) = <Jij, and similarly {ef , ej, . . . , e£, +1 , e£, +2 } of T p+ X such 
that uj p+ (e2i_i,e2j) = Sij. We assume that our time-dependent almost 
complex structures J t satisfy the following condition. 

Assumption 2.3 A time- dependent almost complex structure J t , t G 
[0, 1], satisfies that J t on T p X is standard with respect to {ej~, e 2 , • • • , e^ +1 , e2~ n+2 }; 
ie. ; Jt^2i-i = &2i an d Jt&2i = ~ e 2i-i> an d similarly J t on T p+ X is stan- 
dard with respect to {ef, , . . . , e£, +1 , et n+2 }- 

(We can always choose such almost complex structures.) Let g(t), t G 
[0, 1], be a time- dependent metric on X such that L is totally geodesic 
with respect to g(0) and similarly L\ is totally geodesic with respect to 
<?(1). We denote by exp := exp(t) : TX — > X the exponential map. Let 
u G Li(Rx [0, 1]; X, Lq, Li) be a map satisfying the Lagrangian boundary 
conditions and (I) with the decay conditions (1) and (1'). (u need not 
be pseudo-holomorphic.) For r] G Ll(u*TX,u*TL ,u*TL 1 ), a section of 
u*TX with t)(t, 0) G T^^Lq and 7](r, 1) G T S ( Tj i)Li, we define a map 
: L?(U*TX,m*TL ,U*TLi) -> L p (u*TX <g> A 0>1 T*(R x [0, 1])) by 

/^i^rtlaq^),)), (2) 

where $«(?/) : T^X — > T exp _X denotes parallel transport of a connection 
along the geodesic t — > exp^trj). The differential Dfu(0) is 

Dfu(0)r] = V d / dT ri + J t (u(T,t))V d /dtV + (V v Jt)d t u. 
As r — > — oo, the right hand side is 



Va/ 9 r^ + Jt(p-)Vd/dtV> 



(3) 
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and if we denote rj = Y^=t 2 Vi e i > then an equation Q = turns out to 
be 



m 


, d 


m 












V2n+2 




V2n+2 



= 0. 



For simplicity we shall use E^ to denote D/„(0) and put = — Q t . 
Then we conclude that Q-oo has no eigenvectors of eigenvalue from As- 
sumption [TTTJ Similarly, as r — > oo, Qoo also has no eigenvectors of eigen- 
value 0. Since Q-oo and Qoo are invertible, : Li(u*TX ,u*T 'L Q ,u*T L\) — > 
L p (u*TX ® A 0,1 r*(R x [0, 1])) is Fredholm. IncLE^ denotes the index of 
Eu- 



Similarly we will introduce an index for strips of the type (II) with 
(2) and (1'). For Reeb chords 7 : [0,T] -> M we define 7~(t) := 
~f(Tt). Consider the pull-back 7*^ over X := [0,1] and choose a triv- 
ialization {ei, e 2 , . . . , e 2n } such that ej(£) = d^j-te^O), t G [0,1], and 
7*G?A(e 2 j_i(0), e 2 j(0)) = 5^. Take a time-dependent connection V A : = 
V A (t), t G [0, 1], on £ so that the holonomy of 7*V A (t) agrees with diprt 
along the Reeb chords, i.e., 7*V A (t)ej(t) = 0. Let {/1, / 2 , . . . , / 2n } be 
another trivialization such that j*If(t) is the standard complex structure 
J with respect to / 2 (t), • • • , /an(*)}, i-e., Th{t)f 2i -i{t) = / 2i (t) 



and i*I t (t)f 2 i 
then 



l(*) = -/*(*)• Ifet(t) = E 



2/i 



1 a ij 



(t)fj(t) and A := 



(*)], 



Of 



2 ft 



i=l 







\ Jo Ft 









/ 9A A-i 



V2r 



We conclude that 
isfy the following condition 



Jo^A 1 is symmetric if the complex structures sat- 



Assumption 2.4 A time- dependent complex structure I t , t G [0,1], on 
£ satisfies that j*d\ is standard with respect to {fi(t), / 2 (i), • • • , f2n(t)}, 
i.e., ^*d\(f 2i -i(t)J 2j (t)) = 6ij. 

(We can always choose V A and I t as above. In fact, if we choose them 
so that Ciit) = fi(t), then a^-(t) = 5ij.) The double X' of X is the circle 
X' = X U31 X where X is the mirror image of X and corresponding points 
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on the boundary are identified. We denote k a natural involution. The 
doubling of 7*£ is completely similar. Let 7*£ denote the vector bundle 
over X whose fiber (7*£)«(t) is (7*0* with the complex structure — j*I t (t). 
Then the double 7*^' over X' is obtained by gluing 7*^ and 7*^ along dX. 
The identification is realized by the automorphism s of 7*£|ar which is 
the anti-complex reflection through T 7 ( )A over 7(0) and through T 7 (y)Ai 
over 7(T). We denote 7*/ t ' the double of the complex structure on 7*^' 
which is j*I t on 7*^ and — 7* if on 7*^. An element 77' G Lf (t*£') is 
defined by r/'li = 1)16 ^i(7*0 and £ o (t/Ij) o k = r/ 2 G Lf (t*£), where k 
is the natural involution lifting k. These satisfy r^lar = s ° {f]i\di) which 
is equivalent to 

771+772 e L?(7*^T 7(0) A ,T 7{T) Ai), 
7*^(?7i - 772) G L?(7*^; T 7(0) A , T 7(T) Ai). 

Conversely, any couple (771,772) G Li(j*£) x Li(7*£) satisfying the above 
conditions defines 77' G Lf(7*£'). We can now define the double operator 
7*V A (t)' by 7*V A (t) on 7*^ and KofV A (i)o«;on f*£. We conclude that 
the holonomy around the circle X' is equal to —id from Assumption 12.21 
and then the equation for sections rj'(t) G Lf(7*£') 

r/;rvi(t)vw = o 

at 

has no eigen functions of eigen value 0. 

Let V := V(t) be a time-dependent connection on TX which, out 
side a compact set, is of the form: the restriction on E is trivial, i.e., 
V{a-7^ + bX\) = da^)-^ + db®Xx, and the restriction on £ is the pull-back 
of V A . Similarly, a time-dependent almost complex structure J t on J, 
out side a compact set, is of the form I t . Let u be a map which satisfies 
the Lagrangian boundary conditions and (II) and the decay condition 
(2). (u need not be pseudo-holomorphic.) Then, the differential Dfu(0) 
is 

As r — > — 00, the right hand side is 



Vd/drV + I t (j-(T^t))Vd/atV, 



(4) 
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and if we denote rj = 771^ + r] 2 X\ + J2i2t 2 Vifii then an equation (jlj) = 
splits into 



d 




+ 


" -1 " 


d 








1 


dt 





0. 





, d 












+ J °Tt 






= 










V2n+2 








V2n+2 





d_ 



If we consider the double operator of on Rx S 1 := (Rx [0, l])Ua(R X [o,i]) 
(R x [0, 1]) (the double is exactly similar to that in the last paragraph), 
then Q_oo has eigenvectors (771, r} 2 , r} 3 , . . . , ri 2n+2 ) = (1, 0, 0, . . . , 0) and 
(0, 1, 0, . . . , 0) of eigenvalue 0. (If we simply consider on R x [0, 1], 
then Q-oo on X has an eigenvector (1, 0, . . . , 0) of eigenvalue under the 
Lagrangian boundary conditions.) 

Now we introduce weighted Sobolev spaces for the Fredholm theory 
of Eu- For < 5 < 2n and r_ as in the decay condition (2), we define a 
smooth decreasing function a by 



O T 



-<J(t-t_ + 1), r<r_-2, 
0, r_ < r, 



and a cut function j3 : R — ► [0, 1] by 

(3{r) : = 



1, r<r_-l, 

0, T_ < T. 



For a section 77 of m*TX|(_ 00jT _] xM , we denote 77 = r\ E + 77^, where rj E is 
the E component and r/£ is the £ component. Then we define weighted 
Sobolev norms by 



t_,oo)x[0,1] 



[1 - /3(t))(\v\ p + \Vv\ P )drdt 



(-oo,r_]x[0,l] 



e^P(r)(\ VE \ p + \V VE \ P ) +P(t)(\^\ p + \V^\ p )drdt 



i/p 



and similarly 



(l-p(r))\r]\ p dTdt+ / e^ T) P(r)\r] E \ p + p(r)\^\ p drdt 

,oo)x[0,l] J(-oo,t_]x[0,1] 
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We define L\. a to be the set of sections / such that H/H^p < oo, and 
also Lq. ct . Let / : L 2 — > Lq. ct be the following isometric transformation. 



I( V )(r,t):-. 

Then we obtain 



e -*{T)/2 r]E + r] ^ T < T _ 
77, r_ < r 



Ek ;a (rj)(r : t) := r l EuI( V )(r,t) = (Ekrj)(r,t) - \^ E . 



As r — > — oo, £^ ;<T is equal to 



9 ^ 5 



Since — Q-oo + §7Te is invertible (and Qoo is also invertible, see the last 
paragraph), E^ : L\ — > L 2 is a Fredholm operator, which implies that 
: L 2 . CT — ■> Lq. ct is Fredholm. Indi? S;(J denotes the index of E^j. 



u^- 



Note that, if u is pseudo-holomorphic, then Eu-^{a *u)\ a =o = 0. But 
-^(a*u)\ a=0 is not an element of L\. a , because ^(a*w)| a=0 , as r — > — oo, 
is close to — TL(^) which is not in Lf ;o .. On the other hand a map 
E„ : ( j~( a * w)| a= o) — ► -t'o-tr makes sense, hence we use the same notation 
Eu : (l(a*u)\ a=0 ) ®L{ a {u*TX, u*TL ,u*TU) -> Lg ;<T (tTTX). (The 
tangent space of «Mjj(7_,p+) at a smooth point w is Ker{Eu : (^(a * 
w)|o=o> © LI^TX^TLo^TL-l) -> L^(U*TX).) IndE^ denotes the 
index of ^ ': (a *Tl) | a=0 ) © L^TX, u*TL , u^TL,) - L^uTX). 
(Hence Ind-E^ = IndEjj ;(T + 1.) 



Similarly we can introduce weighted Sobolev spaces and indexes for 
strips of the type (II') and (III). 

For strips of the type (IV) we can also define weighted Sobolev spaces 
and indexes IndE^ for Eu- a : L\ — > L p . Note that, if u := (a,u) is 
pseudo-holomorphic strip of the type (IV), then Eu-r-(a*w)| a =o = 0. But 
-^(a*u)\ a=0 is not an element of Zq ;o ., because ^(a*w)| a=0 , as r — > — oo, 
is close to Tl(^) and, as r — > oo, is close to — T + (^) which is not in 
L\. a . Also Eujr( b$u)\ b =0 = 0. But ^(fe(|TZ)| b=0 is also not an element of 
L? ;(T , because J;(&J}T!)| b=0 , as r — > — oo, is close to — (^) and, r — > oo, is 
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also close to —{-§-) which is not in V\. a . On the other hand a map Ey- : 
(fa{a * u)\ a =o, J;(fylw)|6=o) ~^ -^0;o- makes sense, hence we use the same 
notation E w : (|(a * u)\ a=0 , |(&tfe)| 6=0 ) © Li ;(7 (u*TX, u*TL , u*TLi) -> 
Lq. (u*TX). (The tangent space of M.iv{l-, 7+) at a smooth point w 
isKer{^: (£ (a * <z)| o=0 , K&Nk=o) © L\. a {u*T X ,u*T L Q ,u*T -> 
Lg ;(T («*TX)}.) Ind^ denotes the index of : ( ^(a*u) | o=0 , |(6Nlb=o)® 
L{. a (u*TX, u*TL , M*rLx) -> L£ ;<7 (u*TX). (Then Ind^ = Ind£ S;(T + 2.) 

3 Floer's chain complexes for Lagrangian 
submanifolds in symplectic manifolds with 
concave/convex ends 

We will propose Floer's chain complexes for Lagrangian submanifolds in 
symplectic manifolds with concave/convex ends. 

Let X be a symplectic manifold with finitely many concave or convex 
ends. We shall assume that the contact manifolds are compact without 
boundaries. Let Lq and L\ be Lagrangian submanifolds in X which 
satisfy Assumption 11.11 12.11 and 12.21 

Assumption 3.1 For pseudo-holomorphic strips u of the type (I) the 
linear operators E^ : Li(u*TX,u*TL ,u*TLi) — > L p (u*TX) are surjec- 
tive, and for pseudo-holomorphic strips u of the type (II), (II') and (III) 
the linear operators : (£(a * u)\ a =o) © L? ;ct (m*TX,w*TL , u*TLi) -> 
LQ. a (u*TX) are also surjective, and pseudo-holomorphic strips u of the 
type (IV), (V) and (V) the linear operators E^ : (-^(a*u)\ a=0 , 4(6|w)|6=o}© 
LI^TX^TLq^TL^ -> L p . a (u*TX) are surjective. 

(The surjectivity or transversality problem will be observed in a forth- 
coming paper From the above assumption we can conclude that the 
moduli spaces Ai*(*,*) are smooth manifolds whose dimension at u is 
equal to IndE^, and .M*(*,*) are also smooth manifolds whose dimen- 
sion at u is equal to IndEu — 1 for the type (I), (II), (II') and (III), 
and Ind-E^ — 2 for the type (IV), (V) and (V). We denote a subset 
of *) or A4*(*, *) consists of the pseudo-holomorphic strips whose 

dimension is d by *) or -M^(*, *), respectively. 

For appropriate compactifications of moduli spaces we need Assump- 
tion Q~H and the following. 
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Assumption 3.2 There are no contractible closed characteristics and 
contractible Reeb chords from a Legendrian submanifold to itself in the 
contact manifolds of concave ands. 

A closed characteristic in M is contractible iff it represents in 7Ti(M), 
and similarly a Reeb chord from A to A is contractible iff it represents 

Of 7Ti(M,A). 

Moreover, for very technical reasons for the exponential decay condi- 
tions, we need the following assumption. 

Assumption 3.3 There is an open neighborhood U C [0, 1] x R 2 ™ of 

[0, 1] x {0} and an open neighborhood V C M of a Reeb chord x(Tt) of 
length T and an immersion tp : U — > V mapping [0, 1] x {0} onto x(Tt) 
such that (p*X — f\ with X := dt + X^Li x ndy n and a positive smooth 
function f : U — > R satisfying f(t, 0, 0) = T and df(t, 0, 0) = for all 

te[0,i]. 

From these assumptions we can conclude that. 

Theorem 3.4 A^(*,*) is compact, and M. *(*, *) can &e compactified 
whose boundaries are: 

(a) &M}(p_,p + ) = U ^!(P-,?)x^(w + ) 

U (J ^,(p_, 7 -)xAlV(7-,7 + )x>l?;(7 +1 p + ), 

(7- ,7+) 

(b) &M} 7 ( 7 -,P + ) = (J -M /7 ( 7 -,g)x A4°(9, P+ ) 

U (J <(7-,7-)x*( 7 :,7;)x^(7; )P+ ) 
(t , -,t' + ) 

uU-^°y(7~ ! 7)xA^ // ( 7 ,P + ), 



(b')0JW} r (P-,7+) = U Mi(p-,q)xMh>(Q,1 + ) 

qeLoCiL! 

UljA^ // ,(p_,7)x /W° y ,( 7 , 7+ ), 
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(c)0JW}„( 7 -,7+) = U M II ( 1 -,q)xM° II ,(q,l + ) 

q&L C\L 1 

U (J ^? 7/ (7-,7-)x>lV(7-,7;)x>l m (7;,7 + ) 

(y_.y+) 

U|J^ y(7-,7) x<( 7)7+ )uU<(7-,7) x .M° y ,( 7 , 7+ ), 

7 7 

where we used the notation dM.\(*,*) to denote the boundary of the 
compactification of M.\{*, *). 

Note that, from the maximum principle, families of pseudo-holomorphic 
curves can not grow toward +oo of convex ends, see Section 5. 

Let C be the free Z 2 -vector space over L flLi and U( 7 _, 7+ ) -M?y(7-> 7+)- 
We define a linear map <9 : C — > C in terms of the canonical bases: for 

2 $M° I (p-,p + )p + + £ M^(p-,7-)«, 
p + eL () nLi ( 7 _ , 7+ ), 

«eA : 1^ v (7-,7+) 

where is the modulo 2 number of the elements of jCi < j{p_,p + ) 

and similarly where Jj Ai° II ,(p^, 7_) is the modulo 2 number of the el- 
ements of J\4° n ,(p_, 7_) and the second sum ranges over all pairs of 
Reeb chords (7_,7 + ) with respect to the concave ends, and for u e 
<(7-,7 + ) 

<9«:= 2 M^//(7+,P+K+ E tt-M°m(7+,7-K 

«e>lV(V-.V+) 

where (j M° II ( / y + , p + ) is the modulo 2 number of the elements of M° II ( / y+,p+) 
and similarly where ^M° III ( / y + , / y'_) is the modulo 2 number of the ele- 
ments of M° in {^ +) 7^_) and the second sum ranges over all pairs of Reeb 
chords (7^,7+) with respect to the concave ends. 

Assumption 3.5 There are no non-trivial pseudo-holomorphic strips of 
the type (V) and (V). 

(It seems that the existence of non-trivial pseudo-holomorphic strips of 
the type (V) and (V) is an obstruction to d 2 = 0.) Then, we can prove 
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Theorem 3.6 d o d = 0. 



Proof. For p e L n L x 

ddp = d E %M%p,q)q + d E iM°irip,l-)u 

q&LoDLi (7_ ,7 + ), 

ueM° IV (.-y-,-y+) 

( 



E WtiM 

q&L C\L x 



reLoHLi (7^,7^), 
\ «&M° v (y_,y + ) 



+ E &M?/'(P,7-) 



(7- ,7+), 

ueM° IV (-y- ,7+) 



E 

rSLoHLi 



E 8^(7+, r)r+ E $M* H { 1+ ,i_)v 

reLoCiLi (i'_,t' + ), 

\ 



E $M° I (p,qnM°i(q,r)+ E M*?r(P, 7-)tf-M?,(7 + , ' 

gSLonii (7- ,7+), 

\ «eAlV(7-,7+) 



+ E 

(-rl,7+). 



\ 



E ltM?(p, 9)^,(9, y_)+ E tt-M?r(P,7-)tt-M°m(7 + ,7-) 

gGLoHLi (7_,7 + ), 

ueM° IV (j-,j+) ) 



The number 



E $M I (p,qnM° I (q,r) + 

gGLoHLi (7-,7+), 

«6>lO v ,(7-,7+) 



is nothing but the one of the boundary components of the compactifica- 
tion of Xi}(p,r), and similarly the number 

E $M° I ( P ,q)$M n ,(q,l-)+ E tt>l / r(P,7-)tt-M?^(7 + ,7-) 

q&LoDLi (7_ ,7 + ), 

ueJW5 v ( 7 _, 7+ ) 
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is the one of the boundary components of the compactification of Xi}p(p, jL), 
and hence ddp = 0. For u G < M/ V '(7->7+) 



ddu = d £ ^M° II ( 1+ ,p) P + d £ M*?„(7+,Y> 

pGL nLi (7^,7^), 



E M*?,(7+,p) 



\ 



E IM*°(p,?)? + E M*?r(p,y> 

geLoDLi (7", 7V), 



V 



/ 



+ E M*? W (7+,Y- 



(7^,7^), 
( 



to 



V 



(7^,7p, 

iu6A*? v (t£,t£) 



- E 

<?eL nLi 



\ 



E $M II ( 1+ ,p)$M I (p,q)+ E ltM?„(7 + ,7 , -)lt^?/(7 / + ,?) 



( 



+ E 

The number 



\ 



E ^?.(7 + ,p)tt^?p(p,7-)+ E tt^?,,(7 + , 7^)^(7;, 7-) 
peL nLi (7^,7^), 



ID. 



E $Mn(l + ,PnM° I (p,q)+ E tt-M?//(7 + ,7-)tt-M?/(7;,g) 

veM° IV (Y_,-y' + ) 

is nothing but the one of the boundary components of the compactifica- 
tion of «Mjj(t+, <?), and similarly the number 

E tt^?/(7 + ,p)^/7'(p,7-)+ E tt^?//(7 + ,7-)^?//(7;,7-) 
peLonLi (7^,7^), 
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is the one of the boundary components of the compactification of Xi} II ( , y+, 7 
and hence ddu = 0. I 

We obtain the chain complex (C, d) for Lq and L\ in X. If complex 
structures on contact structures vary, then the set U( 7 _, 7+ ) A^?v(7-> 7+) 
may change. This implies that the generators of the type U( 7 _, 7+ ) M^vil-i 7 
may appear and disappear, hence, at the time of this writing, the author 
does not know whether the homology is invariant under the variation of 
complex structures on contact structures. Concerning Assumption 13.21 
and 13.51 he hopes that there are some relations between symplectic field 
theory [3] and our chain complexes. 

Similarly we can construct Floer's chain complexes for periodic orbits 
of Hamiltonian flows on symplectic manifolds with concave ends, which 
will appear in a forthcoming paper. 



4 Gluing arguments for pseudo-holomorphic 
strips 

For our purpose we need the following gluing arguments. (We will define 
the notation soon later.) 

Theorem 4.1 For the compactification of the type (a) as in Theorem 
U~\ we need the following (i) and (ii): 



(i) Let K C A4°j(p-,q) and K' C j£i%q,p + ) be compact sets. Then 
there exist constants po ond a smooth map 

Moreover, foru andv in the interior of K and K' , there exist e > and 
p so that A4}(p-,p + ) fl U( ej p)(u,v) is contained in the image of %. 

(ii) Let K C M° IP (p-,>y-), & C M%( 7 ., 1+ ) and K" C M° H (l + ,P + ) 
be compact subsets. Then there exist constants po one? a smooth map 

j:Kxk'xk"x [p ,oo) - A^}(p_,p + ). 
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Moreover, for u, w and v in the interior of K , K' and K" , there exist 
e > and p so that Ai}(p_,p + ) nU^ tP )(u,w,v) is contained in the image 

of I 

For the type (b) we need the following (iii), (iv) and (v): 

(iii) Let K C M. Q n (^_,q) and K' C Ai° I {q,p+) be compact sets. Then 
there exist constants p and a smooth map 

i : K x K' x [p ,oo) ^ M} I ( 1 -,p+). 

Moreover, foru andv in the interior of K and K' , there exist e > and 
p so that Xi} I ( , j-,p + ) fl U( £i p)(u,v) is contained in the image o/Jj. 

(iv) Let K C -M° m (7-,7-), K' C M Q IV {i_,i + ) and K" C M° n {i+,I>+) 
be compact subsets. Then there exist constants po and a smooth map 

jj : K x K' x K" x [p ,oo) - M 1 II (-y-, P+ ). 

Moreover, for u, w and v in the interior of K , K' and K" , there exist 
e > and p so that /i4}j(^-,p + )nU^ ejP ^(u,w,v) is contained in the image 

of I 

(v) Let K C .My (7-, 7) and K' C A^?/(7,p+) 6e compact sets. Then 
there exist constants po and a smooth map 

l-.kxk'x [po,oo)^^(7-,P + ). 

Moreover, for u and v in the interior of K and K' , there exists e > 
and p so t/iat A^}/(7_,p+) fl U( £tP )(u,v) is contained in the image of%. 

For the type (Jo') we need the following (iii'), (iv') ( v ') ; 

(iii') Let K C M G I (p_,q) and K' C Ai® r (q, 7+) fre compact sets. Then 
there exist constants p and a smooth map 

l-.Kxk' x[po,oo)^^ 7 ,(p_, 7+ ). 

Moreover, for u and v in the interior of K and K' , there exists e > 
and p so i/ia£ M}//(p_,7+) fl U( £tP )(u, v) is contained in the image o/(j. 
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(iv') LetK C ^(p-.Ti), C A^V-, Y+) and K" C -M? /7 ( 7 ;,7 + ) 
fre compact subsets. Then there exist constants p an d a smooth map 

j:KxK'xk"x [p , oo) - 7+ ). 

Moreover, for u, w and v in the interior of K , K' and K" , there exist 
e > and p so that A4} r (p-, 7+) fl U( £ ^(u,w,v) is contained in the im- 
age o/jj. 

(v 7 ) Let K C M n ,{p_,^) and K' C .My/ (7, 7+) be compact sets. Then 
there exist constants p and a smooth map 

j:Kxk'x [p ,oo)^M 1 ir ( P -, 1+ )- 

Moreover, for u and v in the interior of K and K' , there exists e > 
and p so that A^} J /(p_,7+) fl U( £>p )(u,v) is contained in the image o/Jj. 

For the type (c) we need the following (vi), (vii) and (vii'): 

(vi) Let K C Xi II ('-y-,q) and K' C M° n i{q, 7+) &e compact sets. Then 
there exist constants po and a smooth map 

$:kxk'x[p ,oo)^M 1 III ( 1 -, 1+ )- 

Moreover, for u and v in the interior of K and K' , there exists e > 
and p so that M.} II ( i y-,'y+) fl U( £jP )(u,v) is contained in the image of%. 

(vii) LetK C M° in {i-,i_), K> C M%{i_,i + ) andK" C -M?//^ 7+) 
&e compact subsets. Then there exist constants po and a smooth map 

l:Kxk'xk"x [p ,oo) - ^} J/ ( 7 _, 7+ ). 

Moreover, for u, w and v in the interior of K , K' and K" ' , there exist 
e > and p so that _A/fJ 7/ (7_,7+) fl U( SjP )(u,w,v) is contained in the 
image of Jj . 

(viii) Let K C .My- (7-, 7) and K' C ^777(7,7+) ^ e compact sets. Then 
there exist constants po and a smooth map 

i-.KxK'x [po,oo)^^ 777 ( 7 _,7 + ). 
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Moreover, for u and v in the interior of K and K' , there exists e > 
and p so that Ai} II ( r y-, r y + ) fl U^ e ^(u,v) is contained in the image of%. 

(viii') Let K C jCi° III {^_^) and K' C .My-/ (7, 7+) be compact sets. 
Then there exist constants p and a smooth map 

Moreover, for u and v in the interior of K and K' , there exists e > 
and p so that M 1 III { r y_, 7+) fl U( £tP -)(u,v) is contained in the image of%. 



In the following we denote by f3 : R — > [0, 1] a smooth function 

P{t) :- 



0, r < 0, 

1, 1 < T, 



and by ||/||[ rijr2 ] ; LP the restriction of the L\ norm on [ri,r2] x [0, 1], i.e., 

[ri,r2\;L\ ■= {/[n,r 2 ]x[0,l] \f\ P +\Df\ P drdty/ p , and also \\f\\[ ri ,r 2 ];LP- 



First we recall the proof of the gluing argument (i). (This part is 
so standard, the reader may skip to the next content.) For compact 
sets K C M)(p-,q) and K' C M)(q,p + ), we define w x (r,t) G L{(R x 
[0, l];X,L ,Li) for x ■= (%%p) e K x K' x [p ,oo) by 

( U(T + p,t), T < -1, 

w x (r,t):=l exp q ((3(-r)r 1 (r + p,t)+(3(r)C(r-p,t)), -1 < r < 1, 
I v(t- p,t), 1 < r, 

where m = exp g 77 for p — 1 < r and = exp g ( for r < — p + 1. From 
<9jU = djv = we conclude that 

\\dj t w x \\ LP < C (e-^||e^|||^ M;£? + e- d -qe- d -^\\ { _ pA _ phL .) , (5) 

where C is a constant depending only on K, K' and p . We denote the 
Taylor expansion of f Wx by 

:=f Wx (0) + Df Wx m + N w (O. 
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Lemma 4.2 For \\i]\\ L p < c and HCHl*' < c ; ^ e nonlinear part N w% 
satisfies the estimate 

\\N Wx {ri) - N Wx (()\\ LP < C{H\ L , + ||C|| L? )||77 - CIU-, (6) 

where C is a constant depending only on ||Vu> x ||lp and c. 

Proof. Basically it is done by the Taylor expansion. (In the following we 
shall use / to denote f w% -) 

n Wx ( v ) - n Wx (() 

= f\l-t){(d 2 f) tv (v,v) - (d 2 f) t( ((X)}dt 
Jo 

= f\l- t){(d 2 f) tri ( V , V -0 + (d 2 f)t v (v, - (d 2 f)tdv, + (d 2 f)tdv ~ C, 0}dt 

J 

= J\l- t) [(d 2 f) tri ( V , rj-C) + j\d 3 f) {1 _ s)tr)+stc (tv - K, V, C)ds + (d 2 f) t( (v - C, C)} dt. 
Then we can conclude 

\\N Wx ( V ) - N Wx (()\\lv < C(\\r)\\ LPi + |MU ? ||C||l ? + \\(\\l*)\\v - C!U ? , 

where the constant C depends only on ||Vu> x ||lp and c. The reason of 
the independence of C from ||w x ||loo is the compactness of the contact 
manifolds of the cylinders and boundedness of metrics and connections 
and so on. I 

Let Xi '■= (ui,Vi,pi), i — 1, 2, . . ., be a sequence of K x K' x [p , oo) 
such that pi — > oo. We assume that w Xi ((— pi, pi), [0, 1]) is contained 
in the Gaussian coordinate of q. For £j e Li(w*TX, u>*.TL , w^.TLi), 
define f w e I%([- Pi + v /p~- 1, Pi - ^pi+ 1] x [0, if; T q X, T q L , T q L x ) such 
that 

Dexp q (£ 0i (r,t)) = €i(r,t). 

Note that, if we put A(r) := f3(— T+pi — v /pi + l)/3(r+pj — y/pi+1), then 
Pifa is an element of Li(T q X,T q L Q ,T q Li). Similarly define differential 
operators E 0i on [-p, + ^/p" - 1, p, - ^fp~ +1] x [0,1] by 



D exp q (E 0i £ 0i ) = 
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where Ei denotes the differential Df w (0). Note that the sequence of 
{£'oi}i=i,2,... converges to the standard Cauchy-Riemann operator d on 
[Ri, R 2 ] x [0, 1]. (The convergence means that, if we denote E 0i = + 
bi^ + Ci, then — > 1, bi — > Jo and q — > in the C°° topology.) 

Proposition 4.3 // ||£j||L? = 1 o,nd H-E^Hlp — > ; then there exists a 
subsequence {^} such that 

Mii\\[R 1 ,R 2 ];LP 0. 

Proof. From the assumption ||£i||ip = 1, there is a constant C such 
that IIACojlUf — C- By the Rellich's theorem, there exists £(R lt R 2 ) £ 
L p ([i?i, i? 2 ] x [0, 1]; TqX, T g L , T 9 Li) and a subsequence {A ; £oi;} such that 

M(Ri,R 2 ) - (3ii£,0ii\\{Ri,R 2 ];LP ~ > 0. 

For simplicity, we use £ j to denote /3j£ i an d assume {Pi^oi} satisfies 

\\f3it,0i-Z,(R 1 ,R 2 )\\{Ri,R 2 ];LP ~ > and ^(Ji'j,^) I [i?i,ii 2 ]x [0,1] = Z,(Ri,R 2 ) for [-Rlj^] C 

[i?^, i? 2 ]. By the G Siding's inequality 

ll£oi-£oj||[iii,il 2 ];LP < C( 1 1 -Ebi (^Oi — ) 1 1 +*,i2 2 +<5] ;X,f + 1 1 — €oj 1 1 J2 2 +<S] ) j 

where C is a constant depending on i?i,i?2 and 5. We already know 
Ufa - Zoj\\iR 1 +6,R 2 +6\iLP -»■ 0, and from 

||-Ebi(£oi - £oj)||[i?i+<5,,R 2 +<5];Lf> 

< ll-Soi^Oi || [jRi+^^+fS];^ + IK^Oi — -Eoi)Coi||[Ri+5,R 2 +<5];L p + ll^Oj&j || [Ri+S,R 2 +S];Lp 

< \\E i^oi\\[R 1+ s,R 2 U};LP + \\E i - -Eoj||[i? 1 +<5,/? 2 +5];Lp||6j||[i?i+<5,i? 2 +<5];L^ + \\Eoj€oj\\[Ri+6,R2+5\;LP 

- o, 

we can conclude \\E 0i (^ 0i - ^ 0j )\\ [Rl+St R 2+ s]-LP -> 0. Then {£ j} has a sub- 
sequence which converges to C(iii,ii 2 ) i n the norm || • H^^jiiP. Moreover, 
from HA^mIIl; < C> we can conclude ||£oo|U? < C, where foo|[fli,Jk]x[o,i] := 
£,(Ri,R 2 )- O n the other hand, from 

oo || [Ri,R 2 ];LP 

< 1 1 ^Oi^Oi 1 1 [ill ,H 2 ] + \\(Eoi ~ 9o)^Oi\\[R 1 ,R 2 ]-LP + ||^o(Coi ~ £ co J || [Ri,R 2 ];LP 

< \\Eoi^oi\\[ Rlj R 2 ] ; LP + \\Eoi — do\\[R u R 2 ]- L p\\Coi\\[R u R 2 ]-L p +C\\£oi — €oo\\[R u R 2 ];L{ 

- 0, 
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d£oo = and hence = 0. Finally, from ||^|| [Ri: r 2 ]- l p < C\\£ 0i \\ [RuR2] . l p , 
there exists a subsequence {£ it } such that H^iJI^,^];^ — ► 0. I 

For 7] G KerE w and C G KerE^, we define rj$ p ( G L p x {w* x TX, w* x TL , w^TL^ 

by 

f /3(-r-2Mr + pi), r < 2, 
(^ P C)(r,t):=< 0, -2<r<2, 
I /3(r-2)C(r- A ), 2 < r. 

Let be the L 2 -orthogonal compliment of W w := {^tJpCl 7 ? Keri?„, £ G 
Ker^fin L{(w x TX, w x TL , w*TL{). (Note that the dimension of W Wx 
is equal to dim Keri?^ + dimKeri^-) 

Proposition 4.4 There exist constants po and C such that for x £ K x 
if x [p ,oo) and £ G 

< C||^|| LP . 

Proof. Let Xi := Vi, Pi), i = 1, 2, . . ., be a sequence such that — > oo 
and there exist £j G H 7 ^ satisfying ||£i||zp = 1 and \\E W .£A\lp — ► 0. 
Then we can conclude from Proposition 14.31 there exists a subsequence 
such that ||£i;||[-3,3] ; £f — » 0. For simplicity we denote this subse- 
quence by and define 

7fc(r,t) := P(- T + Pl - 1)&(t ~ Put) G L^(u*TX, u*TL , u*TL\) : 
Ci(r,t) := p(T + pi-l)Zi(T + pi,t) eL\{v*TX,v*TL ,vlTL{). 

Split rji into fcj + n i; where fcj G Keri?^ and n, G (Ker^.)- 1 , then 



< 1 


Mi? 


+ IKIIxf 




< 




+ l-^Ui^ilUp 




< II 




+ Cuill-Eg^illl/P 








+ 0^11^ (/5(-r + Pi - 


-l)&(r-#,t)) 


< 




+ C4JI^II[-2-l];Lf + ^ 





(Note that, from the compactness of K, C^. and C£. are bounded.) We 
already know ||6||[-2 and \\E Wx ^i\\ LP -> 0. Let {e l x , . . . ,e J r } be 
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orthogonal bases of KerE^ ■ 

\{k h e*)\ = |fa,ej)| 

= \(Vu (1 - P(-r - Pi + 2))e})| [w _ 2 , w _i]x[o,i]| 

< Ni||[«-2, W -l];LJ'||e}||[ w _2 | p_i];Li./Cp-i) 

< C||^llh2,-l];^ll e jll[p l -2,p l -l];LP/(f- 1 )- 

Hence, from < J2j \(k%, Gj)\\\ej\\ L p, we conclude ||fci||zp — * 0. (Note 

that the compactness of K induces the boundedness of norms of e*-.) 
Then we obtain 1 1 1 1 — > 0. Similarly we can prove also ||Ci|Uf ~^ 0. 
Put together them with 

||&|Uf < WVihl + ||&||[-3 I 3];£? + HClUf, 

we obtain — ► which is a contradiction to the assumption H^lli* = 
1. We finish proving the proposition. I 

Proposition 4.5 There exist constants po an d C such that for \ £ 
K x K' x [p , oo) i/iere exists a map G Wx : L p (w^TX) — > W 7 "^ C 
Lliw^TX.w^TLo.w^TU) such that 

E Wx G Wx = id, 
||G w ^|Up < CIKHlp. (7) 

Proof. From Proposition I4.4| if £ G Keri?^ n W^ x , then £ = and 

dim KeriiL < dim KerEu + dim Ker£^. 

On the other hand, from Assumption 13.11 

dim KerE w > lndE Wx 

= Ind.Eu + IndEV 

= dim KerEu + dim Ker E$. 

Hence we obtain 

KerE Wx © W^ x = lZ(w* x TX,w* x TL Q ,w* x TLi), 
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and E w is surjective. From the estimate of Proposition 14.41 we can ob- 
tain G Wx as in the proposition. I 



I 



So far we obtain the following: Let K C Ai](p-,q) and K' C 
■M](q,p+) be compact sets. Then there are constants p such that, for 
X := (%v,p) G KxK'x[p ,oo),amap f Wx : L^(w x TX, w* x TL Q , w* x TLi) - 
L p {w x TX) satisfies (jSJ and (jOJ and Df Wx (0) possesses a right inverse 
G Wx : LP(w* x TX) -> Li(w^TX, w x TL , w*TX x ) satisfying ©. Then, 
from the Newton's method in Appendix A, we can conclude that there 
are constants po and C and a smooth map 



The next step is to show the surjectivity of § : K x K' x [p , oo) — > 
■M%P-,p+) H U( £j p)(u,v). Let w be a map which satisfies the Lagrangian 
boundary conditions and (I) and the decay conditions (1) and (1'), and 
w(t, t) = exp q rj(r, t) for — 1 < r < 1, where g G L fl L\. Then we define 



Moreover we define U( £tPo )(u,v), for G K x K', to be the set of 

such that, for p > p , \\u — x p \\ l p < e and \\v — i/pHi? < £• (For 
simplicity, we shall use a letter x to denote x p , and also y := y p .) If w G 
A^f(p_,p+) fl U( e>po }(u,v), then for a smooth map / x there are constants 
C and C such that 



(The proofs of the above estimates are similar to those of (JHJ) and (jHJ)-) 
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For f e KerE w , we define f := G L{(x*TX, x*TL Q , a;*TLi) © 

L^TX^TL^TL^ by 

^ : = /3(— T + p + 1)^(^ - p, t), 
:= P(r + p + l)^T + p,t). 

Let W^p) the £ 2 -orthogonal compliment of W( WiP ) : = G Keri^,} in 
L?(x*TX, x*TL , x*TIn) © L?(n*TX, n*TL , y*TL{). 

Proposition 4.6 There are constants e$ > and po an d C suc/i £aa£ 
for w G Mj(p^,p+) n C/( £0)P0 )(w, v) and £ := (&.,£,,) G W^ ip) 

neiu ? <cii(^,^)iu- 

Proo/. Let {ei}t=i )2 ,... and {pi} i= i,2,... and w t G M](p^,p + ) H U( euPi )(u,v) 
be sequences such that £j — > and — >■ oo and there exist & = (6^, ^) G 
W i»i, Pi ) satisfying ||&|| l p = 1 and \\(E x £ Xi , E yi ^)\\ L v -> 0. Then, in a 
similar way to the proof of Proposition 14.41 we can prove that there 
exists a subsequence {^} such that ||£i;IU p — > 0, which contradicts the 
assumption HCilU" — 1- I 

Proposition 4.7 There exist constants Eq > and p an d C stzc/i taat 
/orw G A^j(p_,p + )nf/( e0i p )(n, U) iaere exists a mapG( w , p ) '■ L p (x*TX)(& 
L p (y*TX) -> W ( 4 jp) such that 

(E x © E y )G( WjP ) = id, 

||G Kp) e|| L? < CII^IIlp. (10) 

Proo/. From Proposition g^l if £ G Ker(E :r © H W£,^)> tnen £ = 
and 

dim Ker^ © < dim W^^) . 
On the other hand, from Assumption 13.11 

dimKer (E x ® E y ) > lndE x + lndE y 
= dimW( WjP ). 

Hence we obtain 

Kex{E x @E y )®W^ p) = L p l {x*TX,x*TL^x*TL 1 )®L p l {y*TX,y*TL^y*TL 1 ) 1 
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and E x © E y is surjective. From the estimate of Proposition 14.61 we can 
obtain Gi w , P ) as in the proposition. I 

So far we obtain the following: There are constants Eq > and po 
such that, for w G M 2 j(p-,p+) fl U {£0jPo) (u,v), a map /(^ := (f x , f y ) : 
L p l {x*TX ) x*TL^x*TLi)@L p 1 {y*TX,y*TL^y*TL l ) -> L p (x*TX)®L p (y*TX) 
satisfies (JBJ) and 0, and Df( x ^(0) possesses a right inverse G( w>p ) : 
L p {x*TX)®L p {y*TX) -> Lf (x*TX, x*TL , x*TLi)®L\(y*TX, y*TL , y*TL x ) 
satisfying Then, from the Newton's method in Appendix A, we can 
conclude that there are constants £ > and p and C and a smooth map 

tf : ,M/(p_,p + ) n U (£:P) (u,v) ^ K x K', w ^ (exp x (£ w . x ),exp y (£ w . y )) 

with HCw^lUf < C'||9j t a;|| L p and H^IUf < C\\d Jt y\\ L v. Divide them by 
the R actions, and we obtain a map Jf : -M}(p-,p+) H U( £>p )(u,v) — > 
# x X'. 

From the construction of (j and (j', if po is large and e is small enough, 
then (j o (j' and [j' o jj are diffeomorphisms. We finish proving the gluing 
argument (i). 

Next we will prove the gluing argument (ii) . Take a lift of M. Q n i (p~ , 7-) x 
M° IV ( 1 f_,y + )xM n ('Y+, p+) in Mjpip-, 7-) x.Mf y ( 7 _, 7+ ) xM} 7 ( 7+ ,p + ) 
and consider the orbit of the lift by the following Reaction: for (a, 0) € 
R 2 

(a, 0) • (w, w, v) := (w, a * w, u) , 

and for (0, b) G R 2 

(0, b) ■ (u, w,v) := (u, b$w, u) . 

Note that the orbit is diffeomorphic to Atj P (p_,y_) x A^5y( 7 _, 7+ ) x 
M°ii{l+,p+) x R 2 . We choose a compact set 5 in the orbit, and we will 
construct a gluing map Jj : S x [p ,oo) — > .M?(p_,p + ). We consider a 
concave end which is isomorphic to (— oo, R] x M. Fix (u,w,v) G S 1 . For 
simplicity, for u we assume c + = and t + = r , where c + and r are 
constants as in the decay condition (2'), and we denote (a,9 + ,z + ) as in 
(2') by (a M , 0", z"). Also for U we assume c_ = and t_ = r , as in 
(2), and we denote (at, as in (2) by (a v , 0", 2^). Moreover, for w 
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we assume c + = c_ = and r + = — t_ = r , and we denote (a,0-,Z-) 
by (a w , 0™, and {a,0+,z+) by (a m ,^,z;). We define w x (r,t) E 
L?(Rx [0,1]; A",Lo,Li) for x := (u,w,v,p) E Sx [p ,oo) by w x (r,t) := 
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• u(t + 2T+p,t), for t < -T + p - 1/T_, 

• (/3(-T_r-T_T + p)a u (r+2T + p,t) + {l-/3(-T_r-T_T + p)}(-r_r- 
2T_T + p),/?(-T_r - T_T +P )91(t + 2T + p, 1 - t) + {1 - /3(-T_r - 
T_T +P )}(1 - t),(3(-T„r - T_T + p)zl(r + 2T + p,t)), for -T + p - 
1/T_ < r < -T +P , 

• (f3(T^T+T_T +P )(a w (T,t)-2T_T + p)+{l-P(T_T+T_T +P )}(-T_T- 
2T_T + p), (3(T_r + T_T +P )9 w (t, 1 - 1) + {1 - /3(T_r + T_T + p)}(l - 
t),/3(T_T + T_T+p)z™(T,t)), for -T + p < r < -T + p + 1/T_, 

• K(r, t) - 2T_T + p, w(r, t)), for -T+p + 1/T_ < r < T_p - 1/T+, 

• (/5(-T + r+T_r + p)K(r,t)-2T_T + p)+{l-/5(-T + r+T_r + p)}(T + r- 
2T_T + p),/3(-T + r+T_T + p)^(r,0+{l-/3(-T + T+T_T + p)}t^(-T + T+ 
T_T + p)^(r,t)), for T_p - 1/T+ < r < T_p, 

• (/3(T + r - T„T + p)a v (T - 2T_p,t) + {1 - (3(T + r - T_T + p)}(T + r - 
2r_T + p),/3(T + T-T_T + p)^(r-2r_p,t)+{l-/3(T + T-T_T + p)}t,/3(T + T- 
T_T + p)z v _(r - 2T_p,t)), for T_p < r < T_p + 1/T+, 

• U(r - 2T_p, £) for T_p + 1/T+ < r, 

see Figure 3. Then dj t w x = for r < —T + p — 1/T_, —T + p + l/TL < 
r < T_p — 1/T + and T_p + 1/T+ < r, and there are constants Ci > 
and d > such that 

\\dj t w x \\ LP < C ie - d ?, (11) 

where G\ depends only on S and p , and N Wx satisfies 

\\N Wx (0 - N Wx (a\ LP < CMhl + U'\\l?)U - rikf, (12) 

where — c an d ll^'lkf — c an d C 2 is a constant depending only on 

||Vw x ||lp and c. (The proof is similar to that of (0)-) 
From a spectral flow we can conclude 

Ind-E^ = lndEu. a + dimKerQoo + Ind-E^ + dimKerQ^ + IndEjj ;(T , 

where E% = -^—Q T and = -^—Q' T . In Section 2 we know dim KerQoo = 
dimKerQ^ = 1, then IndTJ^ = Indi?u ;cr + Indi?i ; j ;(T +Indi?tj ;o -+2. For sim- 
plicity, in the following, we assume that Indi^ ;cr = Ind£^ ;(7 = Ind.Etj ;(T = 
(and hence Ind.E„, x = 2). We will introduce the following two sections 
e° and e\ of w\TX: 
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• Note that 4-{a * u)\ a= o is a section of u*TX which, as r — > oo, 
is close to TL(^), and £(a * u>)| a=0 - T + ^(bpu)\ b=0 is a section 
of w*TX which, as r — > — oo, is close to (XI + X + )(^) and, as 
r — > oo, is close to 0. In a similar way to construct u> x , we glue 
/3(r-r + l)f (a*n)| o=0 and jr^{£(a*w)\ a=0 -T + £ b (b$w)\ b=0 } 
and the zero-section of v*TX to construct e° Then E Wx e° p = for 
t < -2X + p+ro-l -2X+p+r < r < -X+p-l/XL, -X+p+l/X_ < 
r < X_p - 1 /X+ and Xlp + 1/T+ < r. 

• Note that ^(a*w7) | a=0 + X_ jt(b§w)\ b=0 is a section of w*TX which, 
as r — > — oo, is close to and, as r — > oo, is closed — (X_ + X + )(^). 
In a similar way to construct u> x , we glue the zero-section of u*TX 
and -T^ifa (a*w)\ a=0 +T_£ b (b$w)\ b=0 } and/5(-r-r + l)f (a* 
w)| a =o to construct e^. Then E Wx e p = for r < —T + p — 1/X_, 
-X + p+l/X_ < r < X_p- 1/X+, X_p+1/X + < r < 2X_p-r and 
2X_p - r + 1 < r. 

From the construction, we can conclude that e° is close to (^) on iX_ : = 
[r — 2T + p, — t ] and on H + : = [r , — r + 2T_p], and c x p is close to on 
H and (^) on H . Hence 

,. ll e plk;L2 l|eJ||H;i2 
lim — rr^m = 1, lim 1 



1 1 e° 1 1 j^a '' p-oo || e i|| L2 
&jLii ( e °/ll e pll^' e p/ll e pll^) M = °- 



Proposition 4.8 Xei %j := (ui,Wi,Vi, pi) , i = 1,2, . . ., be a sequence of 
S x [p , oo) such that pi — ► oo. // ||£i||z,p = 1 and ||-E„, x .^||lp — ► ; i/ien 
i/iere exists a subsequence suc/i that 

\\€il\\[-T + p+R lt -T + p+Ra];L» ~> 0, 

where Ri < < i? 2 . 

Proof. The proof is similar to that of Proposition 14.31 Define ££(t, t) := 
£i(r — X + p, t). By Rellich's theorem, there exists £( RliJ?2 ) £ X p ([i?i, i? 2 ] x 
[0, 7*£, R(^) © X 7 _ (0 )Ao , R(^) © X 7 _ {1) Ar) and a subsequence 
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converges £'(R lt R 2 ) in the norm || ■ || [i?i,/?2];i p - F° r simplic- 
ity, we assume U{ Ri ,r 2) -'&'|U -> and ^^I^.Jfalxp.i] = Cfa^) 
for [i?i,_R 2 ] C , i?y • By the Garding's inequality, we can conclude 
that {^} has a subsequence which converges to C(R lt R 2 ) i n the norm 
II ' ||[Bi,fla];ij- Moreover, from < C, we can conclude ||£J| L p < C> 

where £J[ie lv R 2 ]x[o,i] := f ■ 0n the other nand > £~ s P lits into ^ 
component (^)e and £ component (£^>)§, and 

d f d 

where — Jqj^-A~~ 1 is the symmetric. Hence ^ = (see |IB|). and then 
ll^ik-Ri,^]^? ~> °- 1 

Let be the L 2 -orthogonal compliment of W Wx := (e°, e*) in 

L{(w* x TX, w* x TL Q} w* x TLi). 

Proposition 4.9 There exist constants po and C3 such that for x 
S x [p , 00) and £ G W 7 "^ 

iifiiL? <c 3 p^i|i^ x eiu P . 

Proof. Let Xi : = {ui,Wi,Ui, p^, i — 1, 2, . . ., be a sequence such that pj — > 

00 and there exist G W 7 "^ satisfying ||£i||zp = 1 and pi p \ \E Wxi ^i\\ LP — > 
0. We define the following smooth functions: 

. :=P(-T_T + T + T_p t ), 

• #(r) :=/5(T_r + T + T_p), 

• #'(r) :=(3(-T + T-T + T^p), 
. /5f(r) :=/3(T + r-T + r_p). 

Then 

HCilUf < IIACillif + IICi||[-T+p-l/T_,-T +/ 9+l/T_];if + 
+ ||6||[T_p-l/T + ,T_p+l/T + ];L? + II^"'&||l?- 
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From Proposition 14.81 we can conclude \\£i\\[-T+ P ~i/T-,-T + p+i/T-];L p ~ > 
and Ui\\[-T+p-i/T--T +P +i/T-];L p 1 0. Since we assume KerE^ = 0, 
there exist constants C such that ||/3^j|| L p < C\\Eu ]a (Pi^i)\\Lp, and then 



\\P&\\ l p < 6711^(^)11 



LP 



< c\\Bk(ps)-^Em)\\LP 

= C\\E W J{3&)-^7T E ((3&)\\ LP 

[tq—2T+p,—to];Lp 

-— -II 

From the assumption p 2 p \\E W £i\\LP — > we know \\f3iE Wxi ^i\\LP — > 0, 
and from Proposition l4.8l we conclude ||A^IU p — * 0- Regard ite^i on [t — 
2T + p, — r ] x [0, 1] as a function on Tj := R/2(T + p — r ) x [0, 1], and split 
n E ^i into Ui G KerEL and fcj G (Ker£L )-*-. Since G , we obtain 
lim^o(7T£;6,e° i /||e°J| L 2) = 0, and then lim^,* Mi^i}) = 0. More- 
over, since E Wx .\ E = § ? + \ r= l§- v then || ki\\ L 2 {Ti) < T+pi ~ T ° \\E Wx .ki\\ L 2( T .y 
By the Holder's inequality ||?/||l2 (Ti) < (2T+p; - 2T )^~p\\y\\LP(T i ) (we 

need p > 2) and the assumption pi p \\E Wx £ i \\i jP — > 0, we can conclude 
lim^oo ||A;i|| L 2( r .) = 0, and then lim^oo ||7r££j|| L 2(- T .) = 0. From the as- 
sumption HCilUf = 1 an d the Sobolev's embedding theorem (we need p > 
2), we can conclude |&| < c. Then Htte^U^^) < c 1_2 / p ||7rE^||^ r ^ (also 
we need p > 2), and lim^oo Htte^H^^) = 0. Finally, we finish proving 
lim^oo HA&lliP = 0. Similarly, we can prove liim^ ||/3-/3-'CilUf = an d 
lim^oo ||/?j W ^||lp = 0, and then — > which is a contradiction to 
the assumption ||£j|| L p = 1. I 

Proposition 4.10 There exist constants po one? C3 such that for x G 
S x [p , 00) there exists a map G Wx : L p {w x TX) — > such that 

E Wx G Wx = id, 
WG^ZWq < C 3P ^ L pU\\ lp . (13) 

Proof. From Proposition 14.91 if £ G KerE Wx fl , then £ = and 

dimKeri^ < 2. 
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On the other hand, from Assumption 13.11 

dim KerE Wx > lndE Wx 
= 2. 

Hence we obtain 

KerE Wx © W£ = L?«TX, w* x TL , w^TLj, 

and E Wx is surjective. From the estimate of Proposition 14.91 we can ob- 
tain G w as in the proposition. I 



So far we obtain the following: Let S be a compact set in the or- 
bit. Then there are constants po such that, for x '■= (u,w,v,p) G S x 
[p ,oo), a map f Wx : Lf(w*TX, w*TL , w*TL x ) -> Lp(w* x TX) satisfies 
(fTTf and (fl"2|) and Df Wx (0) possesses a right inverse G u , x : L p (w*TX) — > 
L?(w*TX,w*TL ,w*TLi) satisfying ((13. From PJ and ljI5|) 



and from (jl2|) and (JE 

\\G Wx N Wx (0 - G Wx N Wx (?)\\l* < C 2 C 3P *-HU\\l> + riMK-^V 
Denote C := C 2 C 3 p 2 p and choose p large enough, then 

11^/^(0)11^ <i 

Then, from the Newton's method in Appendix A, we can conclude that 
there are constants po and C and a smooth map 

| : 5 x [p ,oo) -> A4j(p_,p+), x i-» exp w% (^ x ) 

with ||^ x ||lp < C"||9j t w x ||ip. Divide them by the R actions, then we 
obtain a gluing map Jj : S x [p , oo) — > A4}(p_,p + ). 

The next step is to show the surjectivity of Jj : S x [p , oo) — > 
•A4j(P-jP+) H U( £>p \(u,w,v). Let ft be a map which satisfies the La- 
grangian boundary conditions and (I) and the decay conditions (1) and 
(1'), and /i(r,t) = (a ft ,0*,;z£) G Inu_ for -r < r < r - 2T + p and 
h(r,t) = {a.h,Q 1 +,z+) £ Imt+ for r < r < — r + 2T_p. Then we define 
x p (t + 2T+p,t) by 
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• h(r,t) for t < -T + p - 1/T_, 

• (/3(-T_r-T_r + p)«,(r,t)+{l-/?(-r_r-r_T + p)}(-r_r-2T_r + p),/5(-r_r- 
T_T + p)^(r,t)+{l-/3(-T_r-T_T + p)}(l-t),/3(-T_r-T_T + p)z ft (r,t)) 

for -T+p - 1/T_ < r, 

w P (r,t) by 

• (/3(T_r+T_T + p)K(r,t)+2T_T + p),+{l-/3(T_r+T_T + p)}(-T_r),/5(T_r+ 
T_T + p)^(r,l-t)+{l-/3(T_r+T_T + p)}(l-t),/3(T_r+T_T + p)}^(r,t)), 
for r < -T+p + 1/T_, 

• (a fc (r, t) + 2T_T + p, /i(r, £)), for -T + p + 1/T_ < r < T_p - 1/T+, 

• (P(-T + T + T_T +P )a h (T,t) + {l-P(-T + T + T_T + p)}T + T,P(-T + T + 
T_T + p)6 h + + {1 - /3(-T+r + T_T+p)}t, /3(-T+r + T_T + p)4(r, t)), 
for T_p - 1/T+ < r, 

and y p (r - 2T+p,t) by 

• (/5(r + r-T_r + p)«,(r,t)+{l-/3(T + r-T_r + p)}(r + r-2T_r + p),/?(r + r- 
T_r + p)^(r,t) + {l-/?(T + r-T_T + p)K/5(T + r-T_T + p)^(r,t)), 

for r < T_p + 1/T+, 

• 7i(r,t) for T_p+ 1/T+ < r. 

Moreover we define U( E>po ^(u, w,v), for (it, W,u) G 5, to be the set of 
h such that, for p > p , u — x p satisfies the e~e '""'-exponential decay 
condition (see (JHJ)), and also w — z p and u — y p . (For simplicity, we 
shall use a letter x to denote x p , and also w := w p and y := If 
h G A^/(p_,p + ) fl U( EiPo )(u,w,v), then for a smooth map f x there are 
constants C and C such that 

H/^O)!!^ < Ce~^ (14) 

ii^(e)-^(oii^. < c\\\a L ^ + \w\\LOu-a L ^, as) 

where — c an d HCIkf < c an d C" depends on c, and also for 

f w and f y . (The proofs of the above estimates are similar to those 
of (0) and ©•) We define two sections e° p := (e°,e°,e°) and := 
(444) G ((£(a*x)| a=0 )©LL(x*TX,x*TL ,x*TL 1 ))©((£(a* 
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x)\ a=0 ,£ b (b$w)\ b=0 ) © Ll. a (w*TX, w*TL , w*TLx)) © {(£(a * x)\ a=Q ) 
Ll^TX^TL^TL,)) by 



' .d, 
P(r - t + 1)3- (a * x 



0. 



da 
' d 
da 



a=0 T_ + T + 



— (a * w) 
da 



b=0 



,a * w . 



d 



b=0 



.0(-t-t o + l)—(a*y) 



Define := (ej,ej) and % jp) := % p) ffii? ;ff (iTX, x*TL , zTLO© 

L? ;CT (w*TX, w*TL , w*TL x )®Ll. a (y*TX, y*TL , y*TL x ), and the L 2 -inner 
product on -£^ p ) by 

(eU)%, p) = (^O^.:=0, 



(h,p) 



where f , f G L^(i*TX, x*TL , x*TLi) © L[ ff (to*TX, w*TL , wTLi) © 
L?. CT (2/*rX,y*TL Q ,y*rLi). Let be the L 2 -orthogonal compliment 

Proposition 4.11 There are constants Eq > and po fln d C such that 
for he M 2 j(p-,p + ) H U {s0tPo) (u,w,v) and £ := (&.,£„,,£,,) G 

||eil^<c||(%,^,^)IU^- 

Proo/. Let {£i} i= i,2,... and {pi}i=i, 2 ,... and/i; G .M? (p_,p+)nt/'( 64 , w )(u, ID", u) 
be sequences such that E{ — > and p« — > 00 and there exist & = 

e ^(i,^) satisfying ||&|Il? ;ct = 1 and IK-^&i, ^^Jlkg., 
0. Then, in a similar way to the proof of Proposition 14.61 we can prove 
that there exists a subsequence such that — > 0, which con- 
tradicts the assumption ||£i||x£ =1. I 

Proposition 4.12 There exist constants Eq > and p and C such 
that for h G A4j(p-,p + ) D Z7( e0)Po )(«,ifJ,lJ) taere exists a map G(h p ) '■ 
L p 0;(T (x*TX) © L p 0;(T (w*TX) © L^(j/*TX) - s^cn ^ 



id, 



(16) 
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Proof. From Proposition ETTT1 if £ E Kei(E x © E w © E y ) n Wjjj ), tnen 
£ = and 

dimKer^ © £ w © E y ) < dimW^j. 
On the other hand, from Assumption 13.11 

dim Ker(E x © E w © E y ) > Ind^^ + lndE w . a + lndE y . a + 2 

= dimK^ p) . 

Hence we obtain 

Ker^ © E w © £ y ) © W^ p) = % >p) , 

and ^ © E w © ^ is surjective. From the estimate of Proposition 14.111 
we can obtain G(up\ as in the proposition. I 

So far we obtain the following: There are constants £0 > and 
p such that, for h G M]{p-,p+) fl U^ thPo) (u,w,v), a map /(s,,^) := 
(f x ,f w ,f y ) : # (P)£) - Lg ;ff (iTX) © L p . a (w*TX) © L p 0;(7 (y*TX) satis- 
fies (fT4^) and (fTB]) . and Df( xw ^)(0) possesses a right inverse : 
Lg. a (a;*TX) © Lg. CT (u>*TX) © L^(y*TX) -> satisfying JEJ. If we 

choose po large enough, then 

ll G '(7I,p)/(^«',s/)( )lli?. tT < 

From the Newton's method in Appendix A, we can conclude that there 
are constants e > and p and C and a smooth map 

|f : jM?(p_,p+) n U {EiP) (u,w,v) S,h^ (exp x (^.J,exp w (^.J,exp y (^. y j) 

with U^-Jli? < C'll^Jt^lUg 5 an d & lso w and y. Divide them by the R 
actions, then we obtain a map jf : -M}(p_,p + ) fl U^^(u, w, v) — > S. 

From the construction of (j and Jf, if po is large and e is small enough, 
then (j o jf and (j' o [j are diffeomorphisms. We finish proving the gluing 
argument (ii). 

Next we will prove the gluing argument (iii). (Most of the proof is 
similar to that of (i), we will show a sketch.) In a similar way of the 
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proof for (i), for compact sets K C .M} 7 (7_,g) and K' C .M}(g,p + ) we 
construct a strip w x (r,t) for x := (u,v,p) E K x K' x [p , oo) which 
satisfies the Lagrangian boundary conditions and (II) and the decay 
conditions (2) and (1') and 

\\dj t w x \\ L ^ < Ce~*>, 

where C and d > are constants depending only on K, K' and p . 
Moreover, for HCHz,^ < c an d ||C'IUf. CT < c ? 

\\n Wx (o - n Wx (o\\ l ^ < c(u\\ L ^ + whou - a^, 

where C is a constant depending only on ||Viu x ||x,p and c. We use 
maps Eu: {f a {a*u)\ a=G )®L% a {u*TX^TL Q ,u*L^ L p . a {u*TX) and 
Ey : L{(v*TX, v*TL , v*Li) -> L p (v*TX). For r? e KerE^ and C e 
Keri?^, we define similar r](j p ^ as in the proof of (i). Let be the 
L 2 - orthogonal compliment of W Wx := {^UpCI 7 ? £ Keri^, ( £ KerE-} in 
(£(a* w x )\ a=0 ) © Ll a (w x TX, w* x TL , w^TL,). 

Proposition 4.13 There exist constants p and C such that for x £ 
K x K' x [p , oo) and £ e W^ x 

U\\L la < C\\E w J\\ Lly 

Proposition 4.14 There exist constants po and C such that for x £ 
K x K' x [p , oo) there exists a map G w% : Lq. g — > W^ x such that 

E Wx G Wx = id, 
\\G w J\\ Lla < CU\\ Lly 

From these propositions and the Newton's method, we can conclude that 
there are constants p and C and a smooth map 

§ : K x K' x [p , oo) -> M^( 7 _,p+), x ^ exp Wx (£ x ) 

with ||£ x ||ip < Cll^t^xllig^- Divide them by the R actions, we obtain 
a gluing map flxl'x [p , oo) -> A4}j(7_,p+). 
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The next step is to show the surjectivity of J} : K x K' x [p , oo) — > 
A^j/(7_,p+) fl U( £jP )(%v). In a similar way of the proof for (i), for a 
map u> which satisfies the Lagrangian boundary conditions and (II) and 
the decay conditions (2) and (1'), we define x := x p and y := y p and 
U( £ ,po)(%v). If w G Adj^-, p + ) fl U( StP )(u,v), then for a smooth map / x 
there are constants C and C" and d > such that 

ll/.(0)||ik < Ce- d ", 

ii^co-^coiu^ < cdien^ + 1^11^)1^-^11^, 

where ||£||xp < c and ||^'||x,p < c and C depends on c, and also for 

f y with norms ||-|| l p and ||-||lp. For £ G Ker{£ w : (^(a*w)| a=0 )©£i ;CT -> 

Lg.J, we define similar | := G ((^(a*x)| a=0 )©Lf. CT (x*TX, z*TL , x*TL 1 ))e 

L\(y*TX, y*TL , y*TLi) as in the proof of (i). Let W^ p) be the L 2 - 

orthogonal compliment of W( WtP ) := G KerE w } in ((^(a * x)| a= o) © 
Ll^TX, x*TL , x*TLi)) © L?(n*TX, y*TL , y*TU). 

Proposition 4.15 There are constants e > and p an d C such that 
for w G Mj I ('y-,P+) n C/( e0iP0 )(u,17) and £ := O G W^, >p) 

||ClU P . CT eL? < C|l(^^,^j/)llL p ;CT eLP- 

Proposition 4.16 There exist constants eo > and po <wd C such 
that for w G A4 2 - I ( , j-,p + ) fl £/( eo , rt) )(n, n) taere exists a map G( w ,p) '■ 
L p . a {x*TX) © D>{y*TX) -> W^'suc/i £nai 

{E x @E y )G {?0tP ) = id, 
||G f (to,p)€ll£j. or ©£f < CllClU^eLp- 

From these propositions and the Newton's method, we can conclude that 
there are constants e > and p and C and a smooth map 

If : -^//(7-,P+) n C/( £)P) (n,n) -> X x K', (exp x (£ w . x ),exp y (£ w . y )) 

with ||C«,;x||Lj. ff < C\\dj t x\\ L p^ and H&^Jzp < C\\d Jt y\\ LP . Divide them 
by the R actions, and we obtain a map Jf : .A4} 7 (7_,p + ) fl U( £jP )(u,v) — > 
£ x A 7 . 
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From the construction of jj and jj', if po is large and e is small enough, 
then Jj o Jj' and Jj' o Jj are diffeomorphisms. We finish proving the gluing 
argument (iii). 

Next we will prove the gluing argument (iv). (Most of the proof is 
similar to that of (ii), we will show a sketch.) Take a lift of j(4^ II ( , j-, 7I) x 

M i + )xM» n {i + , P+) m Mhifr-, Y_) *M 2 IV {i_, i + ) xMhWi., P+) 
and consider the orbit of the lift by Reaction: for (a, 0) G R 2 , (a, 0) • 
(u,w,v) := (u , a * w, v) , and for (0,6) G R 2 , (0, b) • (u, w, v) := (u,b$w,v). 
Note that the orbit is diffeomorphic to A^5//(7-,7-) x -M?y(7->7+) x 
•M?/(7+>P+) x R 2 . We choose a compact set S in the orbit, and we will 
construct a gluing map jj : S x [p , 00) — > .M 2 7 (7_,p + ). In a similar way 
of the proof for (ii) we construct a strip w x (r,t) for x '■= (u,w,v,p) G 
S x [p , 00) which satisfies the Lagrangian boundary conditions and (II) 
and decay conditions (2) and (1') and 

\\d Jt w x \\ Lia < Ce-*, 

where C and d > are constants depending only on S and p . Moreover, 
for ||e|| L?;CT < c and ||e'|U ?;CT < c, 

\\n Wx (o - N Wx (a\ L ^ < cdieii^ + iieii^jiie-eii^, 

where C is a constant depending only on HVu^H^ and c. We define 
similar e° p and e l p as in the proof of (ii). Let W^ x be the L 2 - orthogonal 
compliment of W Wx : = (-/3(-r - 2r - 2T_p)£ (a * n)| a=0 (r + 2T_p, t) + 
e ;, e J> in (J-( a *™ x )| a=0 ) ©^(^TX.w'TLo.w'TL!). 

Proposition 4.17 There exist constants p and C such that for x G 
5 x [p , 00) and 

Proposition 4.18 There exist constants po and C such that for x £ 
5 x [p , 00) there exists a map G w% : Lq ;(7 — > W 7 ^ snca that 

Ew x G w% = id, 
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From these propositions and the Newton's method, we can conclude that 
there are constants p and C and a smooth map 

f:Sx [p ,oo) -> Mj I ('y-,p+), £ i-> exp Wx (f x ) 

with II^IIlp < Cll^Jt^xlUo ' divide them by the R actions, we obtain 
a gluing map jj : S x [p , oo) -> .A4} 7 (7_,p+). 

The next step is to show the surjectivity of (j : S x [p , oo) — > 
A^f 7 (7_,p+). In a similar way of the proof for (ii), for a map h which 
satisfies the Lagrangian boundary conditions and (II) and the decay 
conditions (2) and (1'), we define x := x p , w := w p and y := y p and 
U( s ,po)(u,w,v). If h e jM//(7-,p+) n C/( £)Po )(/u, xt;, n), then for a smooth 
map /-j there are constants C and C" 



\\W)\\l^ < Ce 



\\n x (0 - N x (0h^ < C(U\\^ + \\?H)\\t-?H.> 

where ||^||x,p < c and ||^'||x,p < c and C" depend on c, and also for 
/„, and f y . We define similar e° p and e p as in the proof of (ii). De- 
fine W (K, P ) ■= (-P(-t ~ To)£(a * x)\ a=0 + e% ej> and H^ p) := W^ p) © 
L\. a {x*TX, x*TL , x^L^QLl^w'TX, w*TL , w'TL^QLl^y'TX, y*TL , y*TL x ) 
and the L 2 -inner product on H(%p) by 



-/3(-r - r )-^-(a*x] 
da 



a=0 



-/3(t + r Q )^-{a *x) 
da 



+ e%e p ) :=0, 
7 



where f , £' e L\. a {x*TX, x*TL , x*TL x ) © L\. a {w*TX, w*TL , w^Lj © 
Li a{y*TX, y*TLo, y*TL\). Let Wi . be the L 2 -orthogonal compliment 



Proposition 4.19 Tnere are constants e > and p an <^ C s,ucn 
/or/i G M 2 H (-f-,p+) n C/'( eo> p )(u,W,u) and £ := e 

||eiU ?;CT <c||(%,^,^)ll^ CT - 
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Proposition 4.20 There exist constants > and p and C such 
that for h G «Mj/(7-,p+) H ?/(e ,p )(u, U, U) i/iere exzsfo a map : 

(E x @E W @E y )G (Kp) = id, 

From these propositions and the Newton's method, we can conclude that 
there are constants e > and p and C and a smooth map 

tf : M 2 n (-f-,p + )nU {£iP) (u,w,v) -> 5, (exp ie (^ ;:i .),exp t0 (^ ; J,exp 1/ (^ ;y )) 

with ||£^.J|ip < Cll^Jt^lUg ^ an d a l so w an d 2/- Divide them by the R 

actions, then we obtain a map ft' : .M}j(7_,p+) n U( £tP )(u,w,v) — > 5. 

From the construction of Jj and (j', if po is large and £ is small enough, 
then ft o Jj' and ft' o ft are diffeomorphisms. We finish proving the gluing 
argument (iv). 

Next we will prove the gluing argument (v). (Most of the proof is 
similar to that of (ii), we will show a sketch.) Take a lift of .My(7_, 7) x 
•M?/(7,P+) m J^vil—il) x •M} I ( , y,p+) an( i consider the orbit of the lift 
by Reaction: for (a, 0) G R 2 , (a,0)-(U, u) := (a*Tt, u), and for (0, 6) G R 2 , 
(0,6) • (b§u,v). Note that the orbit is diffeomorphic to .My (7., 7) x 
•M?/(7,P+) x -R- 2 - We choose a compact set S in the orbit, and we will 
construct a gluing map ft : S x [p , 00) — > A4jj(7_,p+). In a similar 
way of the proof for (ii) we construct a strip w x (r,t) for x := (u,v,p) G 
5 x [p , 00) which satisfies the Lagrangian boundary conditions and (II) 
and decay conditions (2) and (1') and 

\\dj t w x \\ Ka < Ce-*, 

where C and d > are constants depending only on S and po- Moreover, 
for ||£|| L?;CT <cand||£'|| L?;CT <c, 

11^(0-^(011^ < c(MH a + IIOk ; JII£-Ok ;CT , 

where C is a constant depending only on || Viy x ||x,p and c. We define sim- 
ilar e° p and e 1 as in the proof of (ii). Let be the L 2 - orthogonal com- 
pliment ofW Wx := (e%e l p ) in (£ (a*w x )\ a=0 )®L p 1 . (7 (w* x TX, w* x TL , w^TLj. 
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Proposition 4.21 There exist constants po and C such that for x £ 
S x [p , oo) and 

mL^<Cp^\\E Wx a Lly 

Proposition 4.22 There exist constants po an d C such that for x £ 
S x [p , oo) there exists a map G w% : L\. a — > such that 

E Wx G Wx = id, 

IIG^II^ < Cp^U\\ Ky 

From these propositions and the Newton's method, we can conclude that 
there are constants po an d C and a smooth map 

Mx [p , oo) -> A^j 7 (7_,p+), £ ^ exp Wx (^ x ) 

with HCxIIl^ < Cll^Jt^xlUo ' -Divide them by the R actions, we obtain 
a gluing map jj : S x [p , oo) -> Al} / (7_,p+). 

The next step is to show the surjectivity of (j : S x [po, oo) — > 
A4fj-(7-,p+). In a similar way of the proof for (ii), for a map h which 
satisfies the Lagrangian boundary conditions and (II) and the decay con- 
ditions (2) and (1'), we define x := x p and y := y p and U( £tPo )(u,v). If 
h G -Mj 7 (7_,p + ) fl U( ejPo )(u, v), then for a smooth map f x there are con- 
stants C and C" 



||/,(0)|U, ct < Ce-.>, 

mo - N x (a\ L ^ < c\\\a L ^ + \\c\\ L? M-e\\L^ 

where \\£,\\l p < c and < c an d C" depend on c, and also for /y. 

Define W^:= (ej.ej) and % jp) := % p) ©L? ;ff (xTX, x*TL , xTLO© 
Li. a (y*TX,y*TL ,y*TL 1 ), and the L 2 -inner product on in a sim- 

ilar way to that of (ii). Let ^k p \ t> e the £ 2 -orthogonal compliment of 



W(R tP) in 



Proposition 4.23 There are constants Eo > and p and C such that 
for he M 2 n (-f-,p+) D f/ (e0iP() )(U,U) and f := G 

lieiU ?;CT <c||(%,^OII^ ;CT - 
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Proposition 4.24 There exist constants 6$ > and p and C such 
that for h G Ai^ I ('Y-,p+) fl U( e0iPo )(u,v) there exists a map : 
L p . a (x*TX) © L p 0;a (y*TX) - sucfc that 

(E x ®E y )G CKp) = id, 

ll%,p)£lk CT < cu\\ Lly 

From these propositions and the Newton's method, we can conclude that 
there are constants e > and p and C and a smooth map 

t ■ M 2 n (l-,P+) n l/ (e)P )(u,u) -> 5, 7^ (-»• (exp x (^. !e ),exp 1/ (^ ;y )) 

with H^.j-HiP < C||<9j t :r|| L p , and also y. Divide them by the R actions, 

then we obtain a map jf : A^} 7 (7_,p+) fl U( £jP )(u,v) — > 5. 

From the construction of Jj and Jj', if po is large and e is small enough, 
then (J o (J' and jj' o (j are diffeomorphisms. We finish proving the gluing 
argument (v). 

Next we will prove the gluing argument (vi). (Most of the proof is 
similar to that of (i), we will show a sketch.) In a similar way to the 
proof for (i), for compact sets K C M 1 II {j_ 1 q) and K' C M.} I ,(q,j + ) 
we construct a strip w x (r,t) for x '■= (%v,p) G K x K' x [p , oo) which 
satisfies the Lagrangian boundary conditions and (III) and the decay 
conditions (2) and (2') and 

\\dj t w x \\ L P ;<T <Ce- d ", 

where C and d > are constants depending only on K, K' and po- 
Moreover, for ||£||zp < c and HC'IIl^ < c > 

iiauo - ^(oiil^ < c(neiu ?;CT + nubile - au ?;CT , 

where C is a constant depending only on || Vw x || l p and c. We use maps 

Eu : (^( a * «)|a=o) © Li.a(u*TX,u*TL ,u*L 1 ) ^L p . a (u*TX) and £ F : 
(A( a * T7) U =0 > © L p (v*TX, v*TL , v*Li) -> D>{v*TX). For 77 G KerE* 
and C £ KerE^}, we define similar 77jj p C as in the proof of (i). Let W^ x be 
the L 2 - orthogonal compliment of W w := {^(IpCI 7 / e Keri?^, ( G Ker£V} 
in (A( O;KWx )| a=0 ) ©L?. a (w*TX,«;*TLo,t«*TLi). 
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Proposition 4.25 There exist constants po and C such that for x £ 
K x K' x [p , oo) and £ G W 7 ^ 

Proposition 4.26 There exist constants po an d C such that for x £ 
K x K' x [p , oo) tnere exzsfo a map G Wx : Lo ;cr — >■ W 7 "^ such that 

E Wx G w% = id, 

\\g w j\k < cuw^. 

From these propositions and the Newton's method, we can conclude that 
there are constants po and C and a smooth map 

$:KxK'x [p , oo) -> 7W^ / ( 7 _,7+), x ^ exp Wx (£ x ) 

with ||^ x ||lp < C || djt'U'x II .Lq • Divide them by the R actions, we obtain 
a gluing map jj : K x K' x [p , oo) -> .M}^-, 7+)- 

The next step is to show the surjectivity of jj : K x K' x [p , oo) — > 
-A4f 7/ (7_, 7+) fl U( et p)(u,v). In a similar way to the proof for (i), for 
a map u> which satisfies the Lagrangian boundary conditions and (III) 
and the decay conditions (2) and (2'), we define x := x p and y := y p and 
U(s, P0 )(u,v). If w G A^jj/(7_,7+) H U( £> p)(u,v), then for a smooth map 
f x there are constants C and C' and d > such that 

\\W)h^ < Ce- d ", 

\\N x (o-N x (e)\\ L ^ < c'm\Li :a + \w\\Liju-e\\ L ^ 

where ||£||xp < c and ||£'||lp < c and C' depends on c, and also for f y . 

For £ G Kerf-E^ : (^(o * u>)U=o) © — > -^o-a}; we define similar £ := 
(&>£v) G ((£(a^)|a=o)©^ ;CT (^TX,x*TL ,a:*TL 1 ))©((£(a* 2/ )| a=0 )© 
L\. a {y*TX, y*TL , y*TLi)) as in the proof of (i). Let W^ p) be the L 2 - 

orthogonal compliment of W( w p ) := {£|£ G Keri^} in ((^(a * x)| a=0 ) © 
Ll^TX, x*TL , x*TL 1 ))©((£(a*y) | a=0 )©L? ;(J ( U *TX, y*TL , y*TL 1 )). 
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Proposition 4.27 There are constants Eq > and po ond C such that 
for we Mf 7/ (7_,7+)nC/ ( 

lieiU ?;CT <c||(%,^)ll^ CT - 

Proposition 4.28 There exist constants Eq > and po C siic/i 
i/iai /or u; e M 2 III { r )-,^f + ) H C/( eo po)(w, T>) iaere exzsfo a map G(w, p ) '■ 
Ll a {x*TX) © Lg ;a (y*TX) - W ( i :p) such that 

(E x ® E y )G {w , p) = id, 

iigW)£iu ?;ct < cyeii^. 

From these propositions and the Newton's method, we can conclude that 
there are constants e > and p and C and a smooth map 

|f : At^ JJ (7_,7+) n f/ (£iP) (M,I7) ->KxK', w i (exp x (^ 1u . a .),exp 1/ (^)) 

with H&^Hl^ < Cp Jt a;|| L P CT and ||^ ;2 /||^. ct < C||9j t y|| L g. CT - Divide by 
the R actions, and we obtain a map ft' : A4} JJ (7_,7 + ) H U^ !P )(u, v) — > 
X x X'. 

From the construction of (j and (j', if p is large and e is small enough, 
then (J o Jf and |f o (J are diffeomorphisms. We finish proving the gluing 
argument (vi). 

Next we will prove the gluing argument (vii). (Most of the proof is 
similar to that of (ii), we will show a sketch.) Take a lift of Ai ( j II ( , -f-, 7I) x 

M°iv(l-, V+) x A*?„(V+, 7+) m MU7-, Y_) x A*k(Y_, Y+) x A<UY+, 7+) 
and consider the orbit of the lift by the similar Reaction to that of (ii) . 

Note that the orbit is diffeomorphic to Mni(l—>1-) x A^° y (7-)7+) x 
•M-^iiil+j 7+) x R 2 . We choose a compact set S in the orbit, and we will 
construct a gluing map Jj : S x [p , 00) — > 7W 2 7/ (7_, 7+). In a similar way 
of the proof for (ii) we construct a strip w x (r,t) for x '■= (%w,v,p) G 
S x [p , 00) which satisfies the Lagrangian boundary conditions and (III) 
and decay conditions (2) and (2') and 

\\dj t w x \\ L ^ < Ce^', 
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where C and d > are constants depending only on S and po- Moreover, 
for U\\ Lla <cand U'\\ L ^ < c, 

11^(0-^(011^ < cm\z^ + iiok ; jiie-ok ;CT , 

where C is a constant depending only on ||Vu> x || l p and c. We define 
similar e° p and c l p as in the proof of (ii). Let W^ x be the L 2 -orthogonal 
compliment of W Wx := <-/3(-r - 2r - 2T_p)£(a * u\ a=0 (r + 2T_p,t) + 
e°, /3(r - 2r - 2T + p) £(a * w) | a=0 (r - 2T + p, t) + e J) in (a * w x ) \ a=0 ) © 
Li^TX^TL^TU). 

Proposition 4.29 There exist constants p and C such that for x £ 
S x [p , oo) and W^ x 

U\\ L l a <C P ^HE Wx i\\ Lly 

Proposition 4.30 There exist constants po and C such that for \ 
S x [p , oo) t/iere exzsfe a map G Wx : Lq ;(7 — > W^ x such that 

E Wx G Wx = id, 

From these propositions and the Newton's method, we can conclude that 
there are constants p and C and a smooth map 

f:Sx [p ,oo) -> A^f // (7_,7+), £ i-> exp„, x (^ x ) 

with ||^ x ||lp < C||<9/ ( u> x || l p . Divide them by the R actions, we obtain 
a gluing map jj : S x [p , oo) -> A4} 7/ (7_, 7+). 

The next step is to show the surjectivity of jj : S x [p , 00) — > 
A / f/ // (7__, 7+). In a similar way of the proof for (ii), for a map h which 
satisfies the Lagrangian boundary conditions and (III) and the decay 
conditions (2) and (2'), we define x := x p , w := w p and y := y p and 
U( £ ,po)(u,w,v). Ifhe M 2 HI {i-, 7+) n U {£jP0 )(u,TU,v), then for a smooth 
map f x there are constants C and C" 

11^(0-^(011^ < c"(||eiU ?;CT + ||OUfJlie-OlL ?;CT , 
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where W^Wl^ < c an d HC'lUf < c an d C depend on c, and also for / w 
and We define similar e° p and e l p as in the proof (ii). Define , := 
{-P(-t - r )f(a * x)| a=0 + e% P(r - r )£(a * y) | a=0 + and % p) := 

and the L 2 -inner product on by 



^©^(iTX, x*TL , x*TL 1 )©L?. (T («;*TX, w*TL , «; T L 1 )eL?. ff ( J /*TX, y*TL , y*TL x ) 



(-(3(-r - r o)^(a * x) 
(-/3(-r-r )^(a*x) 



a=0 



:= /^(r-r )^(a*y) 



a=0 



:= 0, 



ii 



(h,p) 



a=0 



+ e°,/3(r-r ) — (a*i/) 



a=0 



o, 



ii. 



(fc,p) 



where G L\. a (x*TX, x*TL , x*TLi) © L?. CT (w*TX, w*TL , w T Li) © 
L? ;(T (i/*TX,i/*TL ,i/*TLi). Let be the L 2 -orthogonal compliment 

of%, p) in% )P) . 

Proposition 4.31 There are constants Eq > and po C sncn i/iai 

/or 7^ e A^fr-, 7+) nc/ ( 

ll£lU p . CT < C||(^^,^^,^y)||Lg. CT - 

Proposition 4.32 There exist constants Eq > and po C siic/i 
£na£ /or /i e A^ 2 /7 (7_,7 + ) fl U( £0jP0 )(u,w,v) there exists a map G(h p ) '■ 
Ll. a (x*TX) © L p 0;a (w*TX) © L p . t J(y*TX) - W^ p) such that 

{E x ®E w ®E y )G (Kp) = id, 



From these propositions and the Newton's method, we can conclude that 
there are constants e > and p and C and a smooth map 

tf : M 2 in (-f^,-f + )nU {£:P) (u,w,v) ^ S,h^ (exp x (^.J,expJ^.J,exp y (^ ;2/ )) 

with H^.j-Ulp < Cll^Jt^llrj; j an d a l so w an d 1/- Divide them by the R 
actions, then we obtain a map Jf : .M}jj(7_,7+) fl U( £>p )(u,W,v) — > 5. 
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From the construction of jj and jj', if po is large and e is small enough, 
then jj o jj' and Jj' o Jj are diffeomorphisms. We finish proving the gluing 
argument (vii). 

Finally we will prove the gluing argument (viii) . (Most of the proof is 
similar to that of (ii), we will show a sketch.) Take a lift of My(7_, 7) x 
M-nii'y, 7+) in Myd-, 7) x M l III ( / y, 7+) and consider the orbit of the lift 
by the similar Reaction to that of (v). Note that the orbit is diffeomor- 
phic to .My (7-, 7) x AAnri'j, 7+) x R 2 . We choose a compact set S in the 
orbit, and we will construct a gluing map jj : S x [po, 00) — > M'jui'f-, 7+)- 
In a similar way to the proof for (ii) we construct a strip w x (r,t) for 
X '■= (u,v,p) <E S x [p ,oo) which satisfies the Lagrangian boundary 
conditions and (III) and decay conditions (2) and (2') and 

\\dj t w x \\ L ^ < Ce~ d », 

where C and d > are constants depending only on S and po- Moreover, 
for U\\ Lla < c and U'\\ L ^ < c, 

11^(0-^(011^ < c(u\\ L ^ + IIOU ?; JII£-Ok ;CT , 

where C is a constant depending only on ||Vw x || L g and c. We define 
similar e° p and c x p as in the proof of (ii). Let be the L 2 - orthogonal 
compliment of W Wx := {e% (3{r- 2r - 2Tp)± {alv) \ a=0 (r -2Tp, t) + e l p } 
in (^{a*w x )\ a=0 )®L p 1 . a {w x TX,w x TL ,w x TL 1 ). 

Proposition 4.33 There exist constants p and C such that for x £ 
S x [p , 00) and W^ x 

U\\Ll„<Cp^\\E Wx Z\\ Lly 

Proposition 4.34 There exist constants p and C such that for x £ 
S x [p , 00) there exists a map G Wx : L\. a — > W^ x snc/i £/ia£ 

E Wx G Wx = id, 

ii^ii^ < cp*-5|ien^. 
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From these propositions and the Newton's method, we can conclude that 
there are constants p an d C and a smooth map 

|:Sx [p ,oo) -> At^(7_,7+), £ ^ exp Wx {Q 

with ||^ x ||lp < Cll^Jt^xlUo ' Divide them by the R actions, we obtain 
a gluing map j : S x [p , oo) -> -M}jj(7-, 7+). 

The next step is to show the surjectivity of (j : 5 x [p , 00) — > 
•Mjjj(7-> 7+)- I n a similar way of the proof for (ii), for a map h which 
satisfies the Lagrangian boundary conditions and (III) and the decay 
conditions (2) and (2'), we define x := x p and y := y p and Ur SjP0 \(u,v). 
If h G M. 2 ni{l-i 7+) !7 U(e jPo )(u, v), then for a smooth map there are 
constants C and C 

ll/.(0)||j^ < Cc-J", 

11^.(0-^.(011^ < c"(lieilL ?;CT + liriUfJlie-niL !;CT , 

where ||£||z/ < c and < c and C" depend on c, and also for / y . 

Define W^:= (ejj.ej) and % jp) := ^^(m, z*TL , xTLOe 
L\.^(y*TX,y*TL G ,y*TLi), and the L 2 -inner product on in a sim- 

ilar way to that of (v). Let Wj^^ be the L 2 -orthogonal compliment of 

W (K, P ) in %, P) - 

Proposition 4.35 There are constants Eq > and p and C such that 
for he Atf 7/ (7_,7+) n U {£0)Pq) (u,v) and £ := G W± p) 



ML^<C\\(E x ^,E y Q\\ Lly 



Proposition 4.36 There exist constants e > and po an d C such 
that for h G «M/jj(7_,7+) fl U( £0tP0 )(u,v) there exists a map G(h p ) '■ 
L p . a (x*TX) © L p . a (y*TX) -> ^ ftaf 

(^©E,)G (M = id, 
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From these propositions and the Newton's method, we can conclude that 
there are constants e > and p and C and a smooth map 

|f : M? 77 ( 7 _,7 + ) n U {£iP) (u,v) -*S,h^ (exp x (^ ; J,ex Pj/ (^ ;2/ )) 

with ||^. x ||lp < C|| <9jt ^ 1 1 Lf. CT > an d also y. Divide them by the R actions, 
then we obtain a map jf : .M} JJ (7_,7+) fl U( £)P )(u,v) — > 5. 

From the construction of Jj and JJ', if p is large and £ is small enough, 
then JJ o JJ' and JJ' o JJ are diffeomorphisms. We finish proving the gluing 
argument (viii). 

We observe the dimensions of the moduli spaces in gluing arguments. 
For example, we consider the following case. Take a lift of 

MTAp-,1-) xMfvillll) xMTnill,! 2 -) xM%(l-,ll) * ••• 
in 

MTjt'ip-n 1 -) x A^ +2 (7i,7l) x MTfiiW-) x A^ +2 ( 7 2 ,7+) x ... 

xM^7 1+1 (7t- 1 ,7 fc ) x -M^ +2 ( 7 !,7t) x -M e // +1 (7^,P + ) 

and consider the orbit of the lift by the following R 2fc -action: 
for((0,0),...,(a z ,0),...,(0,0))eR 2fe 

((0,0) . . . , (aj,0), . . . , (0,0)) • (m ,wi,mi, . . . ,w k ,u k ) 
:= (uo,Wi,Ui, . . .,a * Wj, . . .,w k ,u k ), 

and for ((0, 0), . . . , (0, &,), . . . , (0, 0)) G R 2fe 

((0,0), . . . , (0,6/), . . . , (0,0)) • (uo,Wi, wi, . . .,w k ,u k ) 
: = (U ,Wi,Mi, . . .,&ittWi, . ..w k ,u k ). 

Then the orbit is diffeomorphic to 

JW?,,(p-,7l) x ^/V(7i,7+) x ^^(7^,7-) x -M^( 7 -,7+) x ••• 
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and we can construct a smooth map 

ft : S X [p Q ,oo) -> AC + ^ fc+efc+2 V,P+)> 

where S 1 is a compact set in the orbit and po is a constant depending 
on S. Divide them by the R-actions, then we obtain a gluing map 
jj : S — > .M^ + ''' + * +efc+2fc ~ 1 (p_,p+). This implies that each element of 
Mf (7^,7+) contribute dimension 2 to ELo e i + E*=i^i + 2fc, the di- 
mension of +dfc+6fc+2fe (p-,p+). 

5 Bubbling off phenomena for pseudo-holomorphic 
curves 

We owe most of this section to [TT] . Let (i?, oo) x M + be a convex end of 
X such that Lo|(,r,oo)xm + and -^i|(r,oo)xm+ are isomorphic to the products 
of (R, oo) and Legendrian submanifolds. Assume that almost complex 
structures on the end are of the form I t . 

Lemma 5.1 If u is a pseudo-holomorphic strip, then the image ofu is 
contained in X \ (R, oo) x M + . 

Proof. We denote u on (R, oo) x M + by u := (a, u). We can compute 
u*d\ + = ~[g M+ (irz + u T , vr 5+ w T ) 1/2 + g M+ (n (+ Ut,TT U Ut) 1/2 }drdt, 

where u T := m*(J^) and u t := u*(j^), and 

(— Aa)dr A dt = d(da o i) 

= d{-u*X + ) 

= —u*d\ + 

= -~ [gM + (^+U t , 7T 5+ M r ) + g M+ (^+U t , 1T i+ U t )}dT A dt, 

where A = d 2 /dr 2 + d 2 /dt 2 . Then, by the maximum principle, the max- 
imum of a has to be achieved at a boundary point p G R x <9[0, 1]. Since 
^*(J;)po i s tangent to L or L 1; m*(^t) po G £+. We assume that almost 
complex structures are of the form I t , hence m*(^) Po G £+. Therefore 
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the image of u is tangent to a(po) x M + at the boundary point p , which 
contradicts to the strong maximum principle. I 

From this lemma, it is enough for us to consider only concave ends. 

In the following, we assume that our almost complex structures on 
the symplectization of (M, A) are of the form I t . We recall the following 
important matter [TT] and [12]. Let R -»• [0,1], ip' > 0}. To 

if G $ we associate u v := d(<p\) and define 

Eq,{u) := sup / U*UJ^, 

for I:E-»Rx M. Note that, if u is pseudo-holomorphic, then 

iFujp = u*(dip A A + ipd\) 

= l -[y{a){a 2 T + a 2 t +\{a T f + \{a t f) 

+ip(a)(g M (^u T , TT^u T ) + g M (^u t , 7r ? w 4 ))]dr A dt. 

Hence u*uj v > 0. 

Hofer proved the following Lemma f5. 21 Proposition 15.31 Theorem 15.41 
and Theorem 15.51 Let £ be C or R x S 1 and u = (a, u) : £ — > R x M a 
pseudo-holomorphic map. 

Lemma 5.2 If E$(u) < oo and f^u*X = 0, then u is a constant map. 

Proposition 5.3 If E<$>{u) < oo, then sup zgS |Vw| < oo. 

Theorem 5.4 // there is a constant c such that sup zgS |Vw| < c, then 
for (3 := (/3i,/3 2 ) there exist constants Cp such that \D@u\ < Cp. 

Let <p : R x S 1 -> C \ {0} be a map <f>(r, t) := e 2 ^ T+it \ We use U = (a, v) 
to denote Io^RxS^RxM. 

Theorem 5.5 Let It : C — > RxM be a non-constant pseudo-holomorphic 
map such that E<p(u) < oo. Then there is a closed characteristic x : 
R/TZ — > M and a sequence Sk — ► oo such that Xk(t) := v(sk,t/T) con- 
verges to x(t) in the C°° topology. 
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Note that the above closed characteristic x is contractible. We can prove 
completely parallel arguments for E = {z e C|Im,2 > 0} to the above 
results. Let A be a Legendrian submanifold and u = (a, u) : £ — > R x M 
is pseudo-holomorphic map such that n({z e C|Imz = 0}) C R x A. 

Lemma 5.6 If E$(u) < oo and J s n*A = ; then u is a constant map. 

Proposition 5.7 If E$(u) < oo, then sup zgE \ Vu\ < oo. 

Theorem 5.8 If there is a constant c such that sup zeS |Vn| < c, then 
for (3 := /3 2 ) there exist constants cp such that \D^u\ < eg. 

Let : R x [0, 1] -> {z G R|Ims > 0} be a map 0(r,t) := e^^-H*). We 
use v = (a, v) to denote v := n o : R x [0, 1] — > R x M. 

Theorem 5.9 Let u : {z G C|Imz > 0} — > R x M be a non-constant 
pseudo-holomorphic map such that Eq>(u) < oo. Then there is a Reeb 
chord x : [0, T] — > M from A to itself and a sequence Sk — > oo s«c/i i/ioi 
Xfc(t) := v(sk,t/T) converges to x(t) in the C°° topology. 

Note that the above Reeb chord x is contractible. Moreover, we can 
similarly prove the following theorem. Let A and Ai be Legendrian 
submanifolds such that A fl Ai = 0. 

Theorem 5.10 Let u : {z e C\lmz > 0} \ {0} -> R x M be a non- 
constant pseudo-holomorphic map such that E$(u) < oo and u({z e 
C\lmz = 0,Rez > 0) C R x A and u({z e C\lmz = 0,Rez < 0) C 
R x Ai. Then u satisfies one of the following: 

• There are Reeb chords x : [0, T] — > M from A to A x and x' : 
[0, T'\ — > M from A to Ai and sequences s k — > oo and s' fe — > 
— oo snc/i £na£ := v(sk,t/T) converges to x(t) and x k (t) := 
v(s' k ,t/T') converges tox'{t) in theC°° topology. (Hm^oo cx(sk, [0, 1]) = 
oo and linn^oo a(s' k , [0, 1]) = — oo.) 

• There are Reeb chords x : [0, T] — > M /rom A x to A and x' : 
[0, T'] — >■ M /rom Ai to A and sequences s k — > — oo and s' fc — > oo 
sncn iaai := v(s k ,t/T) converges to x(l — £) and x' k (t) := 

f(sfc, t/T") converges to x'(l—t) in the C°° topology, (lirm^oo a(sk, [0, 1]) = 
oo and lim^oo a(s' k , [0, 1]) = — oo.) 



Floer's chain complexes in symplectic manifolds with concave ends 59 



• There are Reeb chords x : [0, T] — > M from Ai to Aq and x' : 
[0, T'] —>■ M from A to Ai and sequences —>■ — oo and s' k — > oo 
sitc/j i/iat Xfc(t) := v(sk,t/T) converges to x(l — t) and x' k (t) := 
f (s^, i/T") converges to x'{t) in the C°° topology, (lirn^oo a(s k , [0, 1]) = 
oo and liirifc_ +0O a(sfc, [0, 1]) = oo.j 

(Note that the first case is (V), the second is (V) and the third is (IV).) 

From here (— oo, R] x M denotes a concave end of X. Let U{ : 
R x [0, 1] — > X be a sequence of pseudo-holomorphic strips with the 
Lagrangian boundary conditions and {p^ a sequence of R x [0, 1] such 
that \Vui(pi)\ — > oo. Then there is a sequence — > such that 

£i|Vui(pi)| -> oo, 

|V«i(^)| < 2|Vwi(pi)| for \z-pi\ < Ei, 

see [TT] and [H]. If LM^z), \z — Pi\ < £«} is contained in a compact set, 
then we can adopt the usual bubbling off phenomena in closed symplectic 
manifolds. Put Ui := {an, Ui) on the concave end. Let qi be a sequence 
such that \pi — qi\ < E{ and ai(qi) — > — oo. Take a sequence 5i — > 
such that 5j < Ei and aj(z) < -R for \z — qi\ < Si and — q%\ = 

8i})n({R} x M) 0. Then, from the mean value theorem, there is a point 
q[ G {\z — qi\ < Si} such that 5i|VHj(g£)| — >■ oo. By slightly modifying {qi} 
we may assume <5i|ViZj(gj)| — > oo. First we consider the case when we 
can choose a subsequence {qi k } such that {\z — qi k \ < b~i k } C R x (0, 1). 
(In the following we shall use {qi} to denote the subsequence.) Put 

Vi(z) = (bi(z),Vi(z)) := (oi(qi+z/\VTk(Qi)\)-oii(qi),Ui(qi+z/\VlIi(qi)\)), 

then 

6,(0) = 0, |W<(0)| = 1, \Vvi{z)\ < 2 for \z\ < 5i\VuMi)V 

Then we can conclude that there is a pseudo-holomorphic map v = (6, v) : 
C^RxM and a subsequence of {Ui} which converges to v in the C^ c 
topology. Secondly we consider the case of Img, — > and {\z — qi\ < 
5i}n(Rx{0}) ^ 0, or Imqi -»■ 1 and {\z-qi\ < ^}n(Rx{l}) ^ 0. Then 
we can similarly obtain a pseudo-holomorphic map v : {z e C|Imz > 
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0}^RxM and a subsequence of {Vi} which converges to v in the Cf£ c 
topology. 

Let Ui : Rx [0,1] I be a sequence of pseudo-holomorphic strips 
with the Lagrangian boundary conditions and {g^} a sequence of Rx [0, 1] 
such that a.i{qi) — > — oo, where := (a,Ui) on a concave end. Take a 
sequence Si such that |ck^(^) j < R for \z — qi\ < Si and — q%\ = 

Si}) fl ({R} x M) 7^ 0. If Si are bounded, then, from the mean value 
theorem, there are points Pi such that \qi — Pi\ < Si and |ViIj(pi)| — > oo. 
In this case we can return to the previous one. If there is a subsequence 
Si k — > oo, then we put 



If there are points r^ such that | VWfc(r fe ) | — > oo, then we can also return to 
the previous bubbling phenomena. Hence we assume that the differential 
of Wk are bounded. Then there is a pseudo-holomorphic strip v : R x 
[0, 1] — > R x M and a subsequence of which converges to v in the 



topology. 

Proposition 5.11 ljui are of the type (I) or (II) or (II') or (III) or 
(III'), «^ Jr x [ 0i i] w*^ ^ C, ^ en ^*(^) < e~ R C. 

Proo/. Notation: X[ aj6 ] := [a,b]xM, M d := dxMandC rf := IZ _1 ((-oo, d] x 
M). Let di < d 2 < R and = y?(a:) : R — > [0, 1] a function such that 
<p' > 0. Since dtr 1 ^*,^) = u~ 1 {M dl ) U w _1 (M d2 ) U w _1 ([di, d 2 ] x A), 
where A is Legendrian, 



w fc := (ai fc (z - Reg ifc ) - a(%), u ik (z - Req ik )). 
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If u satisfies the exponential decay conditions, then lim^^-oo J c u*d(ip\) 
lim dl _ + _ 00 T(<^(d 1 ) - ip(-oo)) = 0. Hence 



/ u*d{ V X) = V {d 2 )e- d2 [ u*u - lim ^(di)e' dl / 

JC d2 ' Jc d2 rfi^-oo Jc 

For any e > 0, there are <p G $ such that 

-e < [ v*d((p\). 
For any compact set K C E, there are «j such that 



v*d(ip\)- (a; o 0j - aifejjMjO 0j)*d(^A) < e, 
where <fii : K Cr is a suitable map. Since u*d(ipX) > 0, 

«i o 0^ - ai^i), o 0j)*c%A) = / u*d((fiX) < / u*d((pi\), 

where <^i(a) := <£>(a — a(?i)). Hence 



From this proposition we can apply Theorem 15. 51 to u which is the limit of 
the sequence {Vi} and also Theorem 15. 101 to v, the limit of the sequence 
{Wk}. Moreover, we can conclude the exponential decay conditions for v 



Proposition 5.12 If there is an open neighborhood U C S 1 x R 2n of 
S 1 x {0} and an open neighborhood V C M of a closed characteristic x 
with the minimal period r and a diffeomorphism (p : U — > V mapping 
S 1 x {0} to x such that <p*X = f\ with A := d6 + Yh=i x ndy n and 
a positive smooth function f : U — > R satisfying f(9, 0, 0) = r and 
df(9, 0, 0) = for all 6 G S 1 , then Xk as in Theorem \5.51 converges to x 
with the exponential decay conditions. 



Similarly we can prove 
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Proposition 5.13 Under Assumption ^, ffl and x' k as in Theorem \5.iA 
and \5.1(A converge to x and x' with the exponential decay conditions. 

Under Assumption I3.2l there are no point gj such that |Vwj(gi)| — > oo 
and ai(qi) — > — oo, and under Assumption 13.51 v. the limit of Wk, is 
of the type (IV) or the trivial ones of the type (V) and (V). Let TZj : 
Rx [0, 1] — ► X be a sequence of pseudo-holomorphic strips of AAj (p~,p+) 
and let {gf }j=i,2,..., s = 1,2,..., be sequences of R x [0,1] such that 
0£i(qf) — > — oo. Take a sequence <5f such that |aj(,z)| < R for \z — qf\ < Sf 
and {\z - gf | < 5* 1 } H {\z - gf 2 1 < 5- 2 } = for si 7^ s 2 . We assume 
5| — > 00, and put 

BJj := (oi(z - Reg*) - a-(g?), - Reg*)). 

Then there are pseudo-holomorphic strips v s : Rx [0,1] — > RxM 
of A^/f/(7i,7+) or the trivial ones of (V) or (V) and subsequences of 
{w s }i=i,2,... which converges to v s in the Cf£ c topology. Assume that v 1 
and v 2 are not the trivial ones, i.e., of the type (IV). Then we obtain 

x e A4jJ,(p_,t1), y e ^m(7+>7-) and w e •^//(7+>P+) such that 
we can glue them with v 1 and v 2 to reconstruct Ui. From Assumption 
13.11 we can calculate d x + d\ + d y + d 2 + d w = 2, which contradicts to 
d x ,d y ,d w > and di,d 2 > 2. Then there is at most one U of the type 
(IV) which appears at the limit of the sequence Similarly also for 

sequences of pseudo-holomorphic strips of AA 2 II ('y_,p + ) or A4j I ,(p^, r y + ) 
or A4f 7I (7_,7+). 

Finally we completely finish proving Theorem 13.41 

A Newton's method 

In this appendix we adopt Newton's method with proof [3] and [7j. 

Proposition A.l (Newton's method) Let (E, \\ \\ E ) and (F, || \\ F ) be 
Banach spaces and f : E — > F a smooth map. We denote the Taylor 
expansion of f by 



f(0 = f(0) + Df(0)Z + N(Z), 
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and assume that Df(0) has a right inverse G : F — > E, Df(0)G = idj?, 
such that 

\\GN(0 - GN(C)\\ E < C n (U\\e + K\\e)U ~ CIU, (17) 

for some constant C^. Then the zero-set of f in B := {£ £ < 
(ACjsr)" 1 } is a smooth manifold, whose dimension is equal to that of 
KerDf(0). In fact, if we put 

K = {e£Ker J D/(0)|||^|| £ <(4C iV )- 1 }, 
K 1 = {ZeGF\U\\E<(4C N )- 1 }, 

then there is a smooth map : K — > K 1 - such that /(£ + 0(£)) = 0, and 
all zeroes of f in B are of the form £ + </>(£). Moreover, we have the 
estimate 

\\m\\E<2\\Gf(0)\\ E . (18) 
On the other hand, if we have the inequality 

\\Gf(0)\\E<(8C N y\ (19) 

then there must exist the zeros of f in B. 

Proof. If we put v := Df(0)u for u £ E, then Df(0)Gv = v = Df(0)u, 
and Df(0)(Gv - u) = 0. Moreover, if we have Gb £ KerZ>/(0) n GF, 
then = Df(0)Gb = b, and KerDf(0)(~)GF = {0}. Hence we obtain the 
direct decomposition E = KeiDf(0) © GF. Denote E x : = KerD/(0), 
E2 : = GF and T := G o f : Ei ffi E2 — > E%. For the natural projection 
7T : E 1 © £ 2 -> £ 2 , we obtain D^(0) = GDf(0) = tt, and the Taylor 
expansion of is 

^(O = ^(0) + vr(O+AT(O, 
where A/" := GiV. The inequalities (|T7|) (JTHJ) become 

11^(0 -^(oiu < c w (iieiu+ncii B )iie-cii B , (20) 

||^(0)|U < (ZCn)- 1 . (21) 

Because G : F —>■ GF is an isomorphism, we will prove the proposition 
for T : E -> £ instead of / : £ -»• F. 
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For simplicity we denote the norm || \\e by || ||. From ()2U|) we have 
\\DAf(Z)(\\ < ||A/-(£ + C)-A/-(OII+o(C)||Cll 

< c^ + cil + lieiDIICII + oCOIICII, 

where o(() is a function such that lim^o °(C) = 0) an d then 

||iW(£)(eC/KII)|| < C N (U\\ + U + eC\\) + o(eC). 
The limit of the above estimate as e — > is 

ii^(e)(c/iicii)ii<2Civiieii, 

and hence the operator norm of ZW(£) satisfies 

PW(£)|| < 1/2 

for B. Moreover, from the differential of the Taylor expansion of T 
we obtain 

DT(0 = 7T + DM(0, 

and then 

AF(0k = id£ 2 + /W(0k. 

Hence, the restriction DT{^)\e 2 '■ E 2 — > E 2 is an isomorphism for £ G B. 
Now we use: 

Theorem A. 2 (Implicit function theorem) Let T : E\ © E 2 — > E 2 be 
a smooth map, where E\ and E 2 are Banach spaces, such that the dif- 
ferential DJ 7 {^\,$ >2 )\e 2 : E 2 —> E 2 is an isomorphism at zeros of T , i.e., 
■7 r (£i>£2) — 0. Then there is a neighborhood C E\ o/£i and a smooth 
map 4>^ : — > E 2 such that, for any ( G F(C, 06,(0) = 0- 

Let £ := (£i,£ 2 ) and f := be in 5 such that .F(f) = ^(f) = 0. 

From the Taylor expansion of JF 

.F(O) + £ 2 + AT(0 = .F(o) + £ + jV(0 = 0, 

and then 

= ii^(o-^(oii 

< cwdi^i + lCTII^-d 

< ^116-^11- 
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Hence we can write the zeros of T in B of the form ((, 0(0); ( £ E±, and 
then {£ £ B\T{^) = 0} is a smooth manifold whose tangent spaces are 
isomorphic to E]_. 

From the equations 

^(6 + 0(6)) = ^(o) + 0(£i)+-Af(£i + 0(6)) = o 

•F(£0 = ,F(0) + + Af(6) 
for £ we obtain 

= -^(eo - mci + 0(6)) + a/x£i), 

and then 

II^OII < 11^(6)11 + l|A/-(6 + 0(6)) II 

< 11^1)11+^(116 + 0(6)11 + 11611)110(6)11 

< 11^(6)11 + ^110(6)11. 

This is the inequality (JTSJ). 

Finally we prove the existence of the zeros of T in B when the in- 
equality (|2T]) holds. Define a map g : E ^ E 2 by 

g (o--=-m-mo- 

Because the inequality (J2Uj) with £ £ _B and £ = becomes 

Uncoil < cwneii 2 < (lecw)- 1 

and the inequality (J2Tj) holds, the image g(-B) is contained in H := {£ £ 
GF|||6| < 3/(16Cjv)}. Moreover, for £ and C € B, 

11^(0 — ^(011 < ||^(0-^(c)|| 

< ^(lieil + IICIDIie-CII 

< lu-c\\. 

Now we use: 
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Theorem A. 3 (Fixed points theorem)Let (X,d) be a complete metric 
space, g : X — > X a map such that 

d(g(x),g(y)) < Cd(x,y), x,y G X 

for some constants C < 1. Then there uniquely exists the pont y such 
that g(y Q ) = y Q . 

We can find the fixed point yo G H with respect to a map g\u '■ H — > H . 
Then, from the Taylor expansion of T and the definition of g, 

F(y )=F(0) + 7r(y )+N(y ) = 0, 

i.e., y Q is a zeros of T . Note that y = 0(0). I 
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